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§0 Introduction 

Now A-good frame is for us a parallel of the class of models of a superstable theory. 
Our main line is to start with A-good + frame 5, categorical in A, n-successful for n 
large enough and try to have parallel of stability theory for & s (+t) for I < n not 
too large. Characteristically from time to time we have to increase n relative to I 
to get our desirable properties; we do not critically mind the exact n, so you can 
think of an w-successful s. Usually each claim or definition is for a fixed s, assumed 
to be successful enough. So using assumptions on A +2 rather than A ++ is not so 
crucial now. 

But a postriori we are interested in the model theory of such classes & s per-se, and 
see as a test for this theory, that in the w-successful case we can understand also 
the model in higher cardinals, e.g., prove that & s ^ for every /j, > A. Recall 
there are reasonable A-frames which are not n-excellent but still we can say alot on 
models in & B (+t) f° r £ < n. 

Moving from A to A + we would have preferred not to restrict ourselves to saturated 
models but at present we do not know it. However, in the w-excellent case we can 
understand the class of A +tiJ -saturated models in & s , i.e., & S ( +UJ \ This fits well the 
thesis that it is reasonable to first analyze the quite saturated case. 
Why are we interested in & s (0.2(1))? we can "blow it up" by II§1 but for good 
frames this is not so. 

Concerning the framework note that the unidimensional (or just non multi-dimensional) 
case is easier. In the characteristic unidimensional case, each p E y hs (M) is min- 
imal and any p, q E y bs (M) are not orthogonal. In the characteristic non multi- 
dimensional case for any M E K\, y hs (M) contains up to nonorthogonality every 
p E y hs (N) 7 M N E K\. 

Generally the unidimensional case is easiest and is enough to continue [Sh 576], and 
to deal with categoricity. 

A drawback in II§5 is that we need to assume that the normal ideal WDmId(A + ) 
is not A ++ -saturated. This will be improved in [Sh:F603]; it is easier to do it when 
we have the theory developed here. 

0.1 Notation : Let s denote a good frame (usually) or just a pre-frame, that is 

0.2 Definition. 1) We say s is a pre-frame (or pre A-frame) if s = , QJ) 

s 

with £ s = £(s) a A s -a.e.c, ^ bs [s] = y^ s , [\)[s] = QJ, < s =<a s and satisfying axioms 

5 

(A), (C), (D)(a), (E)(a)(b). We say s is a frame if it satisfies axioms (A), (B), (C), 
(D)(a),(b), (E)(a),(b) from II§2. Recall that s is a good frame if it satisfies all the 
axioms there. 

2) For a frame s let & s = &[s] be the a.e.c. derived from £ s and = (^[s])^ so 
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& s = ^( s )- Recall that if .ft is a A-a.c.e., then the a.e.c.-derived from it, & up is the 
unique a.e.c. £' with t(&') = r(£), LS(#) = A, 8! x = £ s , see II§1. 
3) For a frame s let < s =<^ be . 

0.3 Convention : For simplicity we assume .ft is such that if a E u> M, M E K then 
a can be considered an element of M. 

0.4 Definition. Let s be a good frame and fi > X s . 

1) Let s{li) = (.ft* , J?^ W ) with <^> W as defined in n § 2 ; also <*?<m> ^fT<oo» W 

5,// 5, fi S,</I 

and [JJ are from there. 

s, < oo 

2) Let *(//) =: (.ft s( ^, ^ s b * , QJ ) where K s{fl) =: {M E : M is superlimit in 

•ft*}, <K aM =<%\K sM , and of course ^ = f QJ = QJ f K*> s . 

3) Let s(^) = (£ S[H , yj ) where K s[m] = {M E : if AT <^ [s] M,N E K s and 

s(mit) 

p G ^ s bs (iV) then we can find I C M\N such that, if N < 5 N x < A[s] M then N x n I 
is independent in (N,Ni). 

4) If s is cu-successful let s +a; = s(+oj) is s[u;]. 

0.5 Remark. 1) In §12, ^. S [ M ] under strong assumptions is proved to be good (and 
categorical in fx). 

Note, if &n have the JEP then we can show that any two superlimit models M E 
are isomorphic but a priori not in general. However, here there is a canonical way 
to proceed: if .ft has superlimit model M Q in A we can try to choose by induction on 
I < 10 a superlimit model Mg in K\+t such that Mg + i is a model in &[M t ] which has 
cardinality X +i+1 and is saturated in &[M e ]- It is n °t clear a priori if Mg + i exists 
but at least it is unique (we can continue in X +a for ordinals with more case). 

3) Let <+ be the following two place relation on K s : M <+ iff M < s N and N is 
^-universal over M. 

4) Note that includes and but it is not clear how to compare 
0.6 Claim. If 5 is ui-successful then s +UJ is a good X +UJ -frame categorical in (A +w ). 
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§1 GOOD+ FRAMES; BASICS 



In II.? (4) there was what may look like a minor drawback: moving from A to A + the 
derived class not only have fewer models of cardinality > A + but also the notion 
of being a submodel changes; this is fine there, and surely unavoidable in some 
circumstances. More specifically, for proving the main theorem, it was enough to 
move from s to a good frame t satisfying A t = A+,A S < \i < X +UJ =>- I(X,K t ) < 
/(A, K 5 ) and forget s. But for us now this is undesirable (as arriving to X +u; we have 
forgotten everything) and toward this we consider a (quite mild) strengthening of 
A + -good. 

1.1 Hypothesis, s = (&\,y hs , (JJ) is a good A- frame. 

A 

1.2 Definition. 1) We say s is successful if the conclusions under "no nonstructure 
assumptions in A ++ " hold, that is: 

(*)(a) K x ,uq is dense; i.e. for every M G K\ and p G S^ hs (M) there is 
(M, N, a) G K 3 x ' uq such that tp(a, M,N)=p 

(b) if (Ni : i < 5) is [s] -increasing continuous in i^"+ e [s] and 
i < S =>■ Ni <* x+ N e K™ e then N s <* x+ N (see II.?(1)). 

2) We say (the A-good frame) s is weakly successful if clause (a) of (*) above holds. 

Usually at least "s is weakly successful" is used, but sometimes less suffice (and is 
helpful though not crucial). 

1.3 Definition. 1) Let K^' puq be the class of (M,N,a) E K s 3 ' bs such that: if 
(M, N, a) < bs {M u N u a) and b e I M ,N t then tp(6, N, N{) does not fork over M. 
We may say (M, N, a) has pseudo uniqueness. 

2) We say that s has weakly pseudo uniqueness if Ks ,puq is dense in (K|' bs , <bs)- 

3) We say that s has semi-pseudo uniqueness if a < A + , (M t : i < a) is < s -increasing 
continuous, (M i7 M i+ i, ai) G Kl ,hs then for some < s -increasing continuous (Ni : i < 
a) we have (M i; M i+1 , a-) < bs (N, N i+1 , ai ) G K^ puq . 



Remark. For successful s we can define a successor, s + = s(+), a A + -good frame 
(see 1.8 below), but not with the most desirable <^ s(+) , for rectifying this we 

consider below good + frames. Together with locality of types for models in 



CLASSIFICATION THEORY OF FRAMES AND CLASSES 



5 



this seems to be in the right direction. Less crucial, still worthwhile, is that s' = s + 
has a strong property we call saturative, which can be used in several cases as an 
alternative of another version which says s' has the form s + with s a successful 
good + frame. 

1.4 Definition. 1) We say that s = (^A,^ bs ,UJ) = (K x , <& x , ^ bs , Ql) is a 

A s 

good" 1 " A-frame or good 1 A-frame if: 

(a) s is a good A-frame 

(b) the following is impossible 

(*) (Mi : i < A + ) is < s -increasing continuous in K\ and (N t : i < A + ) is 
< s -increasing continuous in K\ and Mj < s Ni,p* G =i^ s bs (Mo) and for 
each i < A + we have: 

aj + i G Mj_|_ 2 \-^i+i, tp s (aj + i, M i+i , Mj_|_ 2 ) is a nonforking extension 
of p* but tp(aj + i, A^q, -^Vi+i) is not. 

We then say (M i7 N i7 ai : i < A" 1 ") is a counterexample (ignoring 
being defined only for successor i; we could demand this for every % 
by monotonicity of nonforking). 

2) We say a good A-frame s is saturative if: 

(a) every M G & s is (A, *)-brimmed (for ^ s ), equivalently: is superlimit 

(6) if M < s Mi < s M 2 and Mi is (A, *)-brimmed over M then M 2 is (A, *)- 
brimmed over Mo. 

The "s is saturative" is a relative of "non-multidimensional", but be careful, see 
1.5(3) below. 

Well, do we lose much by adopting the good" 1 " version? First, are the old cases 
covered? Yes, by the following claim 

1.5 Claim. 1) In Il§3 all the cases where we prove "good X-frame" we actually get 
"g ood + X -frames. 

2) In fact those frames are also saturative. 

3) If T is a complete superstable first order theory stable in A and k < A or k = N e 
(in an abuse of notation) or k = 0, A > |T| and [k > =3- T stable in A] and 
3 = 4 a ( so = ({M : M |= T, ||M|| > A and M is K-brimmed}, -<), that is s is 
defined in II. ?, then 



{%) 5 is a good + X-frame 
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(ii) assume < k < X, then : s is saturative iff T is non-multidimensional (see 
2.2(5)) 

{Hi) if s' = 5^ \[M] where M & &\ is the superlimit model (i.e., the saturated 
one), then s' is saturative 

(iv) if k = X,s is saturative. 
Proof. 1), 2). 

Case 1 : Concerning Claim II.?. 

So 2 A < 2 A+ < 2 A++ ,£ is an abstract elementary class categorical in A, A + and 
1 < I(X ++ ,K) < 2 A++ , with LS(£) < A, WDmId(A+) is not A+-brimmed (or just 
a model theoretic consequence). We let A s = A + ,^ s = R\+ and for M G K s we 
let y hs (M) = {p e y(M) : p is not algebraic and for some M < R M, M G K\ 
and p \ M is minimal} and UJ(M , M u a, M 3 ) iff M < A M 1 < A M 2 are in K 5 and 

a G M 3 \Mi and for some Mq M from K s the type tp(a, M , M 3 ) G ^ bs (M) 
is minimal. 

So let ((Mj, Ni,a,i) : i < A+) be as in (*) of clause (b) of Definition 1.4. So for 
success i < A+, tp s (aj, M , AT i+1 ) g ^ s &s (M ) so is minimal while tp 3 (aj, AT , AT i+1 ) 
is not its nonforking extension, hence necessarily i < Xf a^i G Nq\Mq, so 
(cij+i : i < Aj") is a sequence with no repetitions of members from Nq\Mq while 
A^o G Kx^ so ||AT || = A s , contradiction. Also saturativity should be clear. 

Case 2 : Claim II.?; actually from [\88r ]. 

So let ((Mi, Ni, di) : i < ui\) be as in clause (b) of 1.4. So there is a finite A C M 
such that tp(aj + i, M i+ i, M i+2 ) is definable over A (see I.?), but tp(aj + i, Nq, N i+2 ) 
does not have the same definition hence it splits over A . By I.? for a club of E of 
wi we have 

M 5 G E & 5 < a < ui\ & a G N$ =>• tp(a, M a , A^ a ) is definable over some 
finite B & C M s . 

We get a contradiction to the symmetry (i.e., (E)(f) proved in the proof of II.? that 
is by I.?). Also saturatively should be clear. 

Case 3 : Claim II.?; actually from [Sh 48]. 
Similar to case 2. 

3) First we prove clause (b) of 1.4(1), i.e. we prove s is a good" 1 " frame; so assume 
toward contradiction that (Mi : i < A + ), (Ni : i < X + ),p* and a^+i for i < X + are 
as in (*) of 1.4(2) clause (b). Let M = U{M; : % < X+} and N = U{N : i < A+}. 
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Now for every finite sequence c from N , there is i c < X + such that tp(c, M, N) 
does not fork over M ig , and let i* = sup{i 5 : c G w> (A^o)} so i* < X + and easily 
i G [i*,A+) & c G W> (A^ ) => tp(c,M i+2 , AT) does not fork over Mj-|.i, hence by 
symmetry and local character ([Sh:c, III,§0] ) we have tp(aj + i, Mj + i U Ao, AT) does 
not fork over Mj hence (transitivity) over Mo, contradiction. So clause (i) holds. 

As for saturativeness in clauses (iii) 7 (iv) in 1.4(2), to show that the model 
(M 2 , c) c€ m is saturated it is enough to show that for every A C M 2 , \A\ < K and 
regular p G y x {A U M ), we have dim(p, M 2 ) = A. Why this holds? If p _L M 
then we can find a regular (/ G ,5^(Mo), (/ _L p and as Mi is (A, *)-brimmed over Mo, 
dim((/, M 2 ) > dim(g, Mi) = A and easily dim(p, M 2 ) = dim(g, M 2 ). If p _L Mo see 
[Sh 225]. The proof of clause (ii) is easy too (for the case k = when for some 
M,Th{M,c) ce M is categorical in A + , see [Sh:c] and properties as in [ShHM 158] 
and the analysis of Laskowski of model of T in A = \T\ when T is categorical in 
A+). 

□i.s 

Also in the main result of Chapter II we get good" 1 " 

1.6 Claim. If 5 is a successful A- good frame, then s(+) is a X + -good + frame and 
is saturative. 



Proof. Like Case 1 of the proof of Claim 1.5(1). 

1.7 Goodness Plus Claim. Assume that s = (&\, y hs , QJ) is a good + X- frame. 

X 

Then : 

(a) if M* < R M* are from K™ e and M* ^* + M 2 * then (**) m *,m 2 * from II.? 
holds 

(b) if E from II. ? (which holds if /(A++ K) < 2 A++ ) tht 
(«) <* x +,<& agree on 



_ien 

nee 



(/?) (A""+ e , <# A ^\+' ID ) f a,s defined there, called s + below) is a X + -good + 

X+ 

frame. 



Recall in Chapter II we get a weak version of (a) of (b): <® agree on K™ e . 



Before proving 1.7 we see a conclusion 
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1.8 Definition. 1) For a good A-frame s = (£,^ bs , (JJ) define s+ = s(+), a A+- 

A 

frame, as follows (so X[s + ] = A + ): 

(a) if>+[s + ] = the class of A + -saturated models from K[s] 

(b) <n [s+] =<l + \K x+ [ 5 +] 

(c) y bs [s+] = .^ +) = {tp s(+) (a, M 1 ,M 2 ) : M 1 < s(+) M 2 are from K A+ [s+] , a G 
M 2 \Mi and there is ATi < s Mi, iVi G K A , such that N x < A N < R M x k 
N e K s ^ tp s (a, AT, M 2 ) G ^ s bs (iV) does not fork over JVi (in s's sense)} 

(d) (JJ = {(M , Mi, a, M 2 ) : M < s(+) Mi < s(+) M 2 are of cardinality A+, 
«(+) 

a G M 2 \Mi and tp a(+) (a, Mi, M 2 ) G ^ b ( s +) (Mi) 
has a witness N± M }. 

2) If a, Mi, M 2 , iVi are as in clause (c) then we call N\ or tp 5 (o, N\, M 2 ), a witness 
for tp s (_|_) (a, M, AT); we may abuse our notation and say that tp a ( + ) (a, Mi, M 2 ) does 
not fork over N±. Similarly for stationarization (= nonforking extension). 

1.9 Conclusion. 1) If s is a good" 1 " A-frame and is successful (see Definition 1.2), 
then < s (+)=<i?f -Kg(+) an d s + is a A + -good + frame. 

2) For Mi, M 2 G if"i ce [s] we have Mi <+ + M 2 for 5 (see Definition II.?(3)) iff M 2 
is (A + , *)-brimmed over Mi for s + . 

Proof. 1) By II§7 particularly the proof of II.? and 1.7. 

2) By the proof of II.?(2). Di.9 

We shall use this conclusion freely. 

Proof of 1.7. 
Clause (a) : 

Assume that (**)m*,m* fails, then by the assumptions of clause (a), from the 
clauses of (**)m*,m* only clause (iv) there may fail. So we can find N* < s A^ 
from K\,N£ M/ and p G ^^(A^) which does not fork over such that 
no a G Mi realizes p in M|. Let (M^ : a < A + ) be a < s -representation of M/ 
for £ = 1,2. Without loss of generality AT* < s M 2 and Ml n = M* and as 
Mj" G if"+ e also M* +1 is (A, *)-brimmed over M\ for a < A + . For each a < A + the 
type p f AT* G y% s (Nl) has a nonforking extension p a G ^ s bs (M^). As M* +1 is 
(A, *)-brimmed over M\ clearly for every a < X + there is a a G M^ +1 \M^ realizing 

Pa- 
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Let M a =: M*,N a =: M^,p* = p ; note that AT* < s M ,AT 2 * < s N , so all 
the demands in (*) of clause (b) of Definition 1.4(1) holds, in particular a^+i G 
M i+2 \M i+1 , tp s (a i+ i, M i+1 , M i+2 ) =Pi+i G y^ s (M i+1 ) is a nonforking extension 
of p I" Ni hence of p* =: po but if tp(aj+i, Ao, ATj+i) does not fork over Mo then 
it is also a non forking extension of p (recall iV| < s No). So this contradicts "5 is 
A-good + ", i.e., clause (b) of Definition 1.4, in other words, some a* realizes p so 
actually clause (iv) of (**) of II.? holds. 

Clause (b) : Subclause (a) . 

Straight by clause (a) and II.?. 

Clause (b) : Subclause (0) . 

Recalling II.?, the only new point is the + of the good" 1 " (for s + ) and the forking 
extension of p in y^(M i+ i). 

So assume ((Mi, Ni, a$) : % < X ++ ) be a counterexample to the u s + is a good + A + - 
frame" . So in particular Mj, N G and p G ^ s b (£) (-Wo) an d Pi = tp(a^, M i+ i, M i+2 ) 

the type for &™ e of course, which by clause (a) is (_KT"+ e , iT£+ e ). As p =: 
Pi \ M G J^ b ( s +) (M ) there are M' <^ M ,M' G AT A and q G ^ bs (M') which 
witness p G ^. b ( s +) (M ) (see 1.8). Let (N' £ : e < A+) be a sequence which 
represents N . For each i < A ++ , as p\ = tp s (a i+ i, N , N i+2 ) is not a non- 
forking extension of p necessarily there is e = Si < A" 1 " such that M' N' e 
and p[ \ N' e = tp(aj + i, N' e , N i+2 ) is not a nonforking extension of q. So for some 
e < A + the set B e = {i < X ++ : e% = e} is unbounded in X ++ . We now choose by 
induction on ( < A" 1 " a triple (i^, M? , AT^) such that: 

(a) < A" 1 "" 1 " is increasing continuous 

(b) ( = £ + l^i c eB £ 

(c) M* <^ M H 

(d) M^ G if s is < s -increasing continuous 

(e) N* < A N H 

(f) N£ G K s is < s -increasing continuous 

(g) M* = AT* n M lc 

(h) ( = £ + l^a H e M* +1 

(i) M * = M' and A/" * = N' e and z = Min(B e ). 

There is no problem to do this and letting a£ = ai ( clearly ((M£, Nt, a£) : C < A + ) 
contradict "5 is A-good + ". Di.7 



The following claim sums up the "localness" of the basic types for s(+), i.e., how 
to translate their properties to ones in s. 
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1.10 Claim, [s is a successful good X-frame]. 

Assume (M a : a < X + ) is a ^-representation of M £ K s (+)- 

1) IfPi,P2 e y^ +) {M) then Pl =p 2 ^ /\ Pl \ M Q = p 2 \ M Q & (3 A+ a){ Pl \ 

a<A+ 

M 2 =p 2 \ M a ) & (3/3 < A + )[pi \ M p =p 2 \ M/3 & (Va)(/3 < a < X + ^ p \ 
M a £ y^ s (M a ) does not fork over Mp)\. 

2) If S C A + = sup(S'), a* < min( J S') and for a £ S,p a £ y^ s (M a ) does not fork 
over M aM and p a \ M a ^ = p*, then 

(a) there is p £ ^ s b (!|_) (M) satisfying a £ S =>• p \ M a = p a 

(b) there is no p' £ y s \ s +) {M)\{p} satisfying this, i.e., p is unique 

S)Ifp = tp s(+) (a, M, N) £ y s{+) (M) so M < s(+) N and a £ N, then 

P £ ^s(+)( M ) ^ ff or ever y a < ^ + l ar g e enough, tp s (a, M a , N) £ y^ s (M a )] <^> 

[for stationarily may a < A + , tp s (a, M a , N) £ y s bs (M Q )]. 

4) Assume M\ < a (+) -^2 <s(+) -^3 anc ^ (-^a : a < ^ + ) ^ s a <s-representation of 
Mi and assume a £ M3. Then tp s ^(a, M 2 , M3) £ y^ + ^(M 2 ) does not fork over 
Mi (for 5 + ) iff for some club E of X + , for every a < (3 from E, tp s (a, Mj, M|) e 
y s hs {M%) does not fork over M\ (for s) iff for some stationary subset S C A + /or 
every 5 from S, tp s (a, Mf , Mf ) e ^ s bs (M|) does not fork over M} . 



Proof. 1) Among the four statements which we have to prove equivalent, the first 
implies the second, trivially, the second implies the third trivially, the third implies 
the second easily and it implies the fourth by our assumption "pi,p2 € ^ s b (+)(-^)" 
and the definition of J^ S +) (M). To finish we shall prove that the fourth implies 
the first, so assume toward contradiction that this fails. 

Let M° = M,M® = M a , let M e , a e for I = 1, 2 be such that M° < s(+) M e , a e £ 
M l and tp(a*, M°, M l ) = p e and let (M* : a < X + ) be a ^-representation of Mi 
for i = 1,2. Without loss of generality a < (3 NF S (M°, Af£, M°, M|), M^ +1 
is (A, *)-brimmed over M° +1 U and at £ Mq. Clearly tp s (ai, Mq, Mq) = 
tp s (tt2, Mq , Mq ) and we can build an isomorphism / from Mr onto M2 over Mq 
mapping a± to a 2 by choosing / \ M\ : M\ — > by induction on a < X + . 

onto 

2) Also easy. 

3) , 4) By the definition of s + and properties of NF. Di.io 

We may like in 1.10 to replace basic types by any types (later this is needed and 
more is done): 
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1.11 Claim, [s is a successful good X-frame]. (X + -locality) 
Assume (M a : a < X + ) is a < ^-representation of M G K s (+)- 

1) For any p u p 2 G J^ (+) (M), Men pi = p 2 ^ (Va)(pi f M a = p 2 t M a ) ^ 
(3 A+ a)( Pl [M a = P2 fM a ). 

Proof. See Chapter II on raising automorphisms: i.e., the proof of II.?(2). 

□i.n 

Recall 

1.12 Claim. 7/NF s (M , M u M 2 , M 3 ) and(M ,M 2 ,a) G K^' hs then tp(a, Mi, M 3 ) G 
^ s bs (Mi) does not /orA; over M . 

Proo/. See II.?. 

1.13 Definition. 1) We define by induction on n: 

(a) s is n-successful 

(6) s +m = s(+m) for m < n. 

For n = : We say s is 0-successful if it is A(s)-good. 
Let 5 +0 = s. 

For n = l : We say 5 is 1-successful if it is A s -good and successful; let s +1 = s + . 

For n = m + 1 : We say s is n-successful if s +m is 1-successful. 
We let s+( n+1 ) = (s+ m ) + . 

2) We say s is (n + ^-successful or say is weakly (n+l)-successful if it is n-successful 
and s +n satisfies clause (a) of 1.2. 

3) We say s is w-successful if it is n-successful for every n. 

4) If s +n is well defined let <B n = <B* = <B* (+n) = <B(s +n ) be a superlimit model 
in £[s +n ] ; it is defined only up to isomorphism. 

1.14 Claim. Assume s is an n-successful good frame. 

1) NF s [ +n ] = NF[s +n ] is well defined if s is (n + ^-successful. 

2) There is 03* G K x +n, that is a &[s +n ]-superlimit is well defined. 

3) Si s(+n) = Si 5 [<S* n }. 

4) If k + m = n then s +k is m-successful good frame and ((s +k ) +rn ) = s +rn . 

5) s h is m-successful iff s is (k + n) -successful; and if this holds then (s+ fc )+ m = 

s +(k+m) 
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Remark. If s is also a good" 1 " A-frame then 93* is almost superlimit also in & s x+n : 
the universality is not clear. 

Proof. Easy, by induction on n (and for (5) on k + m). Di.14 

1.15 Conclusion. In the main lemma II.?, if we strengthen the assumption to 
"5 = (&\, ^ bs , \\j) is a A-good" 1 " frame", then we can strengthen the conclusion to 

A 

(a) 5, = (^,^ b /,HJ) ^ A+^-good 
si 

(f3) Si = s(A + ^), hence for some M£ G i^A+^ we have: 
(z) Mg is superlimit (in 

(ii) & 3 (e) is ^t M ^, so < R i =<& \ K e x+e (new "<#" is the new point) 
(Hi) |JJ are defined as in II§1 but restricted to & s (t) °f course. 

Proof. Should be clear (or combine II.? with 1.7). Di.15 

1.16 Claim. Assume s is a weakly successful good X-frame. Let 5 < X + , be a limit 
ordinal and (Mi : i < 5 + 1) be < s -increasing continuous. 

1) If b e M 5+ i satisfies tp s (b, M h M 5+l ) G ,^ s (Mi) for arbitrarily large i < 5, 
then tp s (6, Ms, M$+i) G y^ s (Ms) hence does not fork over Mi for every i < 5 
large enough. 

Proof. 1) Let (Ni : i < 5) be as in Claim 1.17 below, so in particular N$ is (A, *)- 
brimmed over Ms hence < s -universal over Ns, so without loss of generality Ms+i < s 
N§. So for some i < 5 we have b G Ni, so without loss of generality tp s ( 6, Mi, M$+i) G 
y^(Mi), now as NF S (M,, M s , N it N s ) by 1.12 we have tp B (6, M s , N s ) = tp s (6, M s , M s+1 ) 
is a nonforking extension of tp s (6, M i: Ni), and so we are done. Di.i6 

1.17 Claim. 1) If (Mi : i < 5) is < s -increasing continuous, then we can find 
(N : i < 5) such that M t < N t ,i < 6 => NF s (Ni, M t , N i+1 , M i+1 ) and N i+1 is 
universal over N U Mj+i. 

2) If (M h Ni\i<8) are as in part (1 ), then N s isi<j <S NF S (M;, Ni, M h Nj) 
and Ns is (A, *)-brimmed over Ms- 



Proof. By II.?. 
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1.18 Claim. If (M , N , a) < hs {M^N^a) G K^ hs and (M ,N ,a) G K*> uq then 
NF s {Mo,N ,M 1 ,N 1 ). 



Proof. By II.?. 

1.19 Claim, [s is a weakly successful good frame.] Assume Mo < B Mi < s Mi, a G 
M 2 andtp(a,M 1 ,M 2 ) does not fork over M andb G M 1} tp(6, M ,Mi) G ,y hs (M ). 
Then there are M{,M% such that M 2 < s M^,M < 5 Mj" < s M^, (M Q ,M^,a) G 
Ks' uq and tp(6, Mj", M 2 *) does not fork over M *. 



Proof. By NF calculus (and the symmetry axiom). Di.ig 

1.20 Claim. Assume s is successful good + frame. Then s + = s(A+) where on 
s(A+) see Definition 0.4(1). 



Proof. Easy. 
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§2 UNIDIMENSIONALITY AND NONSPLITTING 

We may wonder how to define "unidimensional" and whether: s is categorical in A 
and is unidimensional and s is n-successful (see 1.13), then K s x+n is categorical. By 
2.8 below the answer is yes. 

We may consider a more restricted framework closed to categoricity. Note that 
"saturative" is closed to non multi-dimensional. 

2.1 Hypothesis. 5 is a A-good frame. 

2.2 Definition. 1) We say s is semi bs unidimensional when for any model M G K S: 
if M < s N k G K s for k = 1, 2 then some p G y^ s (M) is realized in Ni and in N 2 . 
Let "5 is semi na unidimensional" be defined similarly but we allow p G J5^ na (M) 
and "s is semi 1 unidimensional" be called "s is semi unidimensional". Instead of 
na,bs we may write 0, 1 respectively. 

2) We say s is almost unidimensional if for any model M G K s , there is an unavoid- 
able p G y^ s (M) (see below). 

3) For M G K s we say p G y s (M) is (s) -unavoidable, if for every N,M < s N G K s , 
some a <E N realizes p. 

4) We say s is explicitly unidimensional if every p G y^ s (M) where M G K\, is 
unavoidable. 

5) We call s non-multi-dimensional if for every Mq G -RTa whenever Mq < s M\ < s 
M2, there is p G t 5^ s bs (Mi) which does not fork over Mq and is realized in Mi- 

6) We say s is weakly unidimensional if for every M < s Mg for I = 1,2, there is 
c G M 2 \M such that tp s (c, M, M 2 ) belongs to ^ g bs (M) and has more than one 
extension in ^ 5 all (Mi). 

On meaning in the first order case see 2.5(5) below. 

We naturally first look at the natural implications. Note that being "semi 1 /almost 
explicitly /weakly unidimensional" is influenced by the choice of the basic types 
(compare 2.5(1) with 2.5(2)) as well as non-multi-dimensional but not so semi - 
unidimensional. 

2.3 Claim. 1) If 5 is explicitly unidimensional, then s is almost unidimensional. 

2) If 5 is almost unidimensional, then is semi 1 -unidimensional for £ = 0, 1; if s is 
semi 1 -unidimensional then s is semi -unidimensional. 

3) If s is semi -unidimensional, then K s is categorical in A+. 

4) If s is weakly unidimensional, then K s is categorical in Xf . 

5) If s is semi-unidimensional, then s is weakly unidimensional. 
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Remark. 1) Concerning non multi-dimensionality, does it follow from weak unidi- 
mensionality under reasonable assumptions? Yes, see 3.6. 
2) See more in 2.7. 

Proof. 1) By Ax(D)(c) of A-good frames (density of basic types). 

2) Check the definitions. 

3) Let Mo, Mi G and we shall prove that they are isomorphic. Let (M^ : a < 
A + ) be < s -representation of Mi such that a < A + =>- ^ M^ +1 for i = 0, 1. Let 
(af : i < A + ) list the elements of Mi. We choose by induction on e < A + a tuple 
(N £ , a\Jl, a 2 £ , /|) such that: 

(a) N e G K s is < s -increasing continuous 

(b) i a £ < A + is increasing continuous 

(c) e f £ is a < s -embedding of into N £ 

((i)^ is increasing continuous 

(e) e if e = 4C + £J E {0, 1} and j £ = Mm{i : /l c (tp(af , M^ e , M e )) is realized 
by some d G iV^\ Rang(/ £ )} is well defined then G Dom(f £+1 ) and 
f £+1 {ai) G ^4 C and = /*-<} 
if £ = 4C + 2 + £ G {0, 1} then af +1 > af . 

If we succeed, then for some club E of A + we have G M| <^ a < 5 and 
5 E E N$r\ (J Rang(/ £ £ ) = Rang(/|). If 5 G E and £ G {0, 1} but Rang(/|) ^ 

£<A+ 

N$ then by the assumption ("5 is semi°-unidimensional" ) see Definition 2.2(1), 
for some c G M^ e+1 \M^ e and d G AT 5 \ Rang(/|) we have tp(d, Rang(/|), N s ) = 

/|(tp(c, M* s ,Me)) so by clause (e)< (as /| + , = /|) we have Rang(/f +2 )n^\ Rang(/|) £ 

contradiction. So 5 G -E A £ G {0, 1} =>• Rang(/^) = N$ hence =: [J /j is an 

isomorphism from Mi onto AT =: [^J Ng, so Mi = N = M 2 and we are done. 

So we have just to carry the induction, which is straight as K s is a A s -a.e.c. with 
amalgamation and the hypothesis 1 . 

4) The proof is similar to that of part (3) but we replace clause (e)i by 

(e)| if e = 4C + I and for some c G iV 4C \ Rang(/|) we have tp(c, / e £ (M^ ), iV e ) G 
y hs (fHMK)) and (/|)- 1 (tp(c,/|(M^), AT e )) has at least two extensions 

1 actually the a semi -unidimensional" can be weakened - in Definition 2.2(1) we may ask N\ E 
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in y all (M £ p ) for some (3 E (af , A+) then tp(c, f e+1 {M l al ),N e+1 ) is not the 
nonforking extension of tp(c, f e {M^),N e ) in y hs (f* +1 (M^ )). 

Again there is no problem to carry the definition. So it is enough to prove that 
U{Rang(/g) : e < X + } = N\+, and for this it suffices to prove that Si = {5 < 
X + : Ns 7^ Rang (/|)} is not stationary. For every S E Si by the assumption "s is 
weakly unidimensional" we know that the assumption of (e)| holds hence there is 
c = c £ s as there. By Fodor lemma for some eg the set S[ = {5 E Sg : c £ s = eg} is 
stationary. Choose 6* E S' £ , 6* = sup(<5* fl S' e ) and use "s is good". 
5) Easy. D 2 . 3 

A conclusion is (see Definition 0.4(r)): 

2.4 Conclusion : [s is successful good" 1 " A-frame.] 

1) If s is semi°-unidimensional then s(X + ) = s + so & s x+ = 

2) Similarly if K s is categorical in A+. 

3) If s is non- multi-dimensional, then so is s + . 



Proof. 1) Clearly -f^ s (+) C and by 1.9 we know <k» \ ^s(+) =<s(+)- But 

by 2.3(3), -f^ s (+) is categorical in A s ( + ) = A + . Hence K s (+) = -^a+ an< ^ even 
^ s (+) = ^+ and check similarly above [\j and ,5^ bs . 

2) So again K s (+) = and just check. 

3) By 1.10. n 2 .4 



Remark. But we may need "non- multi-dimensional" (defined below), does it follow? 

We also note that the cases we have dealt with categoricity hypothesis, give not 
just good frames but even unidimensional ones. 

2.5 Claim. 1) In II.? (= 1.5(1) Case 1 above) we can add: the s obtained there 
is explicitly unidimensional. 

2) In II.?, if & is categorical in Ki (see above 1.5(1), Case 2) then we get almost 
unidimensionality for the s obtained there. 

3) In II.?, if tfj is categorical in Ki (see above 1.5(1), Case 3) then we get almost 
unidimensionality for the s obtained there and is unidimensional. 

4) In II.? (3), if s = (&\, ,y hs ,\\)) is almost unidimensional (see above 1.5(3)), then 

A 

we get that also the A + -good frame system s + obtained there is almost unidimensional. 

5) If T is complete superstable first order and 5 = s^ A (see 1.5(3)) and A > 
|T| + k + (k > =>- T stable in X) then: 
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(i) s is saturative iffT is non-multidimensional (see [Sh:c]; this is (ii) of 1.5(3)) 
(ii) s is categorical in X + iff T is unidimensional iff s is almost unidimensional. 

Proof. Easy, (in (2) we have to use a minimal type see I.?, we get more on (5) 
follows from the claims below). 

Now we consider those properties and how they are related in s and s + . 

2.6 Claim. [K s categorical in X s ]. If is categorical in X + then s is weakly 
unidimensional. 



Proof. Assume toward contradiction that s is not weakly unidimensional, hence we 
can find Mq < s M t for £=1,2 such that: if c G M 2 \M , tp(c, M , M 2 ) G y hs (M ) 
then it has a unique extension in S^{M\). By Axiom (D)(d) of A-good frames 
(existence) we can choose c G M 2 \M such that p = tp(c,M ,M 2 ) G y hs (M ). 
Now we choose by induction on a < X + a model N a G AT S , < s -increasing continuous, 
N a 7^ N a+ i, Nq = Mq and p has a unique extension in S^(N a ), call it pp and by 
Axiom (E)(g) (extension) we know that p a G ,5^ hs (N a ) does not fork over Nq. For 
a = this is trivial, for a = (3 + 1 by 2.11 below (noting that every M G K s 
is isomorphic to M and is (A, *)-brimmed as K s is categorical in A) there is an 
isomorphism fp from Nq = Mq onto Np such that fp(po) = pp, so we can find 
A^ a = Np + i and isomorphism gp from Mi onto N a extending fp. Hence f(p) = pp 
and so pp has a unique extension in ^{gp (Mi)) = ^ s (A^ a ) as required. For (3 limit 
use Axiom (E)(h), continuity. 

Now =: N a G K s x+ (recall N a ^ A a+1 ), and pp is not realized in Np for 

a<A+ 

(3 < X + hence p = p is not realized in A, so N G K s x+ is not saturated contradicting 
categoricity in A + . D2.6 

2.7 Claim. Assume s is a successful X- good frame. 

1) If 5 is semi x -unidimensional where x G {na,bs} then s + is semi 1 dimensional. 

2) If s is weakly unidimensional, then s + is weakly unidimensional. 

3) If s is almost unidimensional, then s + is almost unidimensional. 

4) If s is explicitly unidimensional, then s + is explicitly unidimensional. 

Proof. 1) First let x = na. Assume toward contradiction, that s + is not semi^- 
unidimensional, so we can find Mq < s (+) Mg for £=1,2 such that ci G Mi\Mq & 
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c 2 G M 2 \M tp(ci,M ,Mi) ^ tp(c 2 ,M ,M 2 ). Let (M l a : a < A+> be a 
^-representation of Mg for £ < 3, hence for some club E of A + the following holds: 

(*) for i G {1, 2} and a < in £, we have NF S (M°, M^, M£, Mg) (hence M^ n 
M = M°) and M» ^ M^ and ci G M*\M° & c 2 G M^\M° & (3 7 < 
A+)(tp( Cl ,M 7 ,M 7 1 )^tp(c 2 ,M 7 ,M|)^ tp(ci, M°,M*)^ tp(c 2 , M°, M*). 

Let 5 = Min(i?) and apply the assumption so there are c\ G Mg\Mg, c 2 G M|\M^ 
satisfying tp(ci, M£, Mj) = tp(c 2 , M£, Mf ). By the choice of E we have /3 < A+ 
tp(ci,M^,Mi) = tp(c 2 ,M^,M 2 ) and use 1.11(1). 

If x = bs the proof if similar using basic types (and 1.10(3)) or use 2.3(2), second 
clause. 

2) So toward contradition assume Mq < s (+) Mg for t = 1,2 are such that: if 
c G Mi\M and p = tp s ( + ) (c, M , Mi) G ^ s b (!|_) (M ), then p has a unique extension 
in ^ s b (!)_) (M 2 ). Let (M^ : a < A + ) be a < s -representation of M^ and E a thin enough 
club of A + . 

For each 5 G E we have M^ < s Mj for £=1,2 but s is weakly unidimensional 
hence for some c 5 G M}\M% the type p 5 = tp s (c,M°,Mj) belongs to ^ bs (M 5 °) 
and has more than one extension in y(Mg). Clearly there is as < 5 such that 
ps does not fork for s over M° and trivially p$ \ M® s G ^v s (M° ) which has 
cardinality < A. By Fodor lemma for some stationary S C A + we have <5 G 5 4- 
Q = c* & a,5 = a* & f = p*. By 1.11 the type q =: tp s(+ )(c*, M , Mi) 
belongs to ^- b !^(Mo) hence by the choice of Mo, Mi, M 2 ("toward contradiction") 
q has at least two distinct extensions q\,qi G =5^ S (+)(M 2 ). Now by the choice of S 
and as for each 5 £ S there is q' s G y^ s (Mg) which is a non-forking extension of 
clearly 

(**) ii 5 E S k £ G {1, 2} then % f Mf belongs to ^ s bs (M|) and does not fork 
over M 6 ° and extends p* = ps \ hence does not fork over M^ . 

By 1.10 we get a contradiction. 

3) As for M , (M° : a < A+) as above there is p G ^ g bb +) (M such that {5 < A+ : 
p |~ M° G =5^(M°) is unavoidable} is stationary. 

4) Straightforward. D 2 .7 

Together we can "close the circle" to continuing "up" we shall get more (see more 
in 3.12). 

2.8 Conclusion : Assume s is a A-good frame categorical in A. 

1) Then s is weakly-unidimensional iff K s x+ is categorical in A + . 

2) If s is successful we can add: iff s + is weakly unidimensional and & s x+ = & s (+)- 
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Proof. 1) The second condition implies the first by 2.6, the first condition implies 
the second by 2.3(4). 

2) The first implies the third as by 2.7(2) we have s + is weakly unidimensional 
and & s x+ = & s (+) by 0.4(1) and the third condition implies the second as & s (+) is 
categorical in A + by the definition of $ s (+). D2.8 

Earlier (say in [Sh 576]) minimal type were central, so let us mention them: 

2.9 Definition. 1) We say 5 is (a A-good frame) of minimals when the follow- 
ing holds: if p E y bs (M ),M < 5 Mi < 5 N U M < 5 N < s N u a E M x ,p = 
tp(o, M , Mi) and a £ N then tp(a, N , Ni) is a nonforking extension of p. 

So the triple (M, N, a) is called 5-minimal. 

2) For an A-a.e.c. G .Y(M) is minimal if for every N, M N E K\,p has one 
and only one extension in S^(N). 

2.10 Claim. 1) In II.? (= above in 1.5(1)) we can add: s is a X- good frame of 
minimals. 

2) Similarly in 2.5(2), (3). 

3) In 1.9, if s is a frame of minimals then so is s + . 

4) If (Mo, Mi, a) is s -minimal (i.e., as in Definition 2.9(1)) then : 

(i) p = tp Ar (a, Mo, Mi) is minimal, 

(ii) if Mq < s Mi and q G 5^ s [Mi) extends p is not algebraic then q does not 
fork over Mo; hence, in particular, E ^ s bs (Mo) 

(Hi) if Mq < B Mi and q = tp(6, Mq, Mi) satisfies clauses (i) and (ii) then q is 
minimal. 

* * * 

We could have mentioned in Chapter II: 

2.11 Claim, [s is a X- good frame]. 

Assume Mi < s Mi are superlimit in K s and pi E ,y hs (M2) does not fork over 
Mi for i < a < X s . Then there is an isomorphism f from Mi onto M 2 such that 
i <a^ f(pi \ Mi) =pi. 

Proof. First assume that M2 is (A, *) -brimmed over Mi. Clearly we can find a 
regular cardinal 9 such that a < 6 < X. Now we can find a sequence (Np : (3 < 9) 
which is < s -increasing continuous, N/3+1 being (A, *)-brimmed over N/3 (of course, 
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we are using II§4). Clearly Np G K s is (A, *)-brimmed over No, so without loss 

p<0 

of generality is equal to M\. 

So for each % < a for some (3{i) < 9 the type pi \ Mi which G ,y hs (Mi) does 
not fork over Np^, so (3 = sup{,9(z) : i < a} < 9, hence by transitivity and 
monotonicity of nonforking i < a =>- pi does not fork over Np. Clearly also M 2 is 
(A, *)-brimmed over Np and by the choice of (A 7 : 7 < 9) also Mi is (A, *)-brimmed 
over Np hence there is an isomorphic / from M 2 onto M\ over Np. Now for i < a 
the types pi \ M\ and f{p%) are members of J? 9 (Mi) which does not fork over Np 
and has the same restriction to Np hence are equal. So / _1 is as required. 

Second without the assumption 'M 2 is (A, *)-brimmed over Mi" we can find 
M 3 G K s which is (A, *)-brimmed over M 2 hence also over Mi and let G y hs (M 3 ) 
be a nonforking extension of pj. 

Applying what we have already proved to the pair (Mi, M3) there is an isomor- 
phism fi from Mi onto M 3 mapping f Mi = \ Mi to qi for z < a. Applying 
what we have already proved to the pair (M 2 , M3), there is an isomorphism / 2 from 
M 2 onto M 3 mapping pj to ^ for i < a. Now J^ 1 o / x is as required. D2.11 

Recalling Definition 0.4(3) note: 

2.12 Claim. 1) Assume M = (Mi : i < 6 + 1) is < s -increasing continuous. If 
r C ,y hs (Mg + i), |T| < cf(S) and Ms < s and p G V p does not fork over 
M$. Then for every large enough i < 5 there is an isomorphism f from N onto 
Ms+i over Mi such that p G V =3- f(p) = p \ M§ provided that i < 5 =3- Ms, N are 
(A, *)-brimmed over Mi. 

2) Instead \Y\ < cf(S) it is enough to demand: \T\ < X s and p G T 4p does not 
fork over Mi . 



Proof. 1) For p G T, choose z(p) < 5 such that p G V =3- p \ Ms does not fork over 

Mj( p ) and let = sup{z(p) : p G T} it is < S or |T| < cf(8). 

2) Similar. O2.12 

* * * 

2.13 Definition. Let ^ be a A-a.e.c. (so ^ = &\) (normally with amalgamation 
(in A)). 

1) We say that p G <5f&{M\) a-splits or (a, ^)-split over A C Mi if there are 
ai,a 2 G a (Mi) such that: 

(a) ai, a 2 realize the same type over A inside Mi that is, 
(*) for some M 2 , / we have: 
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Mi M 2 

/ is an automorphism of M 2 over A mapping a\ to a 2 

(/?) if Mi M 2 and c G M 2 realizes p inside M 2 then ai,a 2 do not realize 
the same type over A U {c} inside M 2 , that is for no M3, / do we have 
-M Mb and / is an automorphism of M 3 over M mapping di" (c) to 

a 2 ~(c). 

3) We may write a instead of A = Rang(a) and Mq instead of A = |Mq|. If we 
omit a (and write split or .ft-split) we mean "for some a" . 

4) We say A has y-nonsplitting if for every M G -£Ta and p G (M) there is 
A C M,\A\ < x such that p does not split over A (in &). 

5) We say 5 has x-nonsplitting if R g has basically y-nonsplitting which means that 
this holds for p G J^ s bs (M). 

6) In part (1), (2), (3) though not (4) writing s instead of A means £ s . 

2.14 Claim. 1) J/NF B (M , M 1 , M 2 , M 3 ) and c C M 2 tften tp s (c, M u M 3 ) does not 
spZztf over Mq. 

£j Similarly for c G Q (M 2 ). 

Proof. Straightforward (by uniqueness of NF) . 

We could have noted earlier: 

2.15 Claim. Assume 

(a) 5 < Xf is a limit ordinal 

(b) (M a : a < 5) is < s -increasing continuous 

(c) M a+ i is (A, *) -brimmed over M a 

(d) peY 5 (Ms). 

Then for some i < 5 the type p does not X-split over Mi for 8. 5 . 

Proof. We can find a < s -increasing continuous sequence (N a : a < 5) such that 
M a < s N a and N a+1 is (A, *)-brimmed over M a+1 UN a and NF s (M a , N a , M a+1 , N a+1 ). 
We know (II§6) that N$ is (A, *)-brimmed over M§, hence some c G N$ realizes p, 
so for some i < S 7 c G Ni and this a is as required. □2.15 

We define rank as in [Sh 394]. 
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2.16 Definition, rk = rk s , e.g. is defined as follows: 
rk s (p) is defined if p G S? a {M) for some M G K s 

it is an ordinal or oo 

rk s (p) > a iff for every (3 < a we can find (Mi,pi) such that 

M < s Mi,pi G y s (Mi) is an extension of p which splits over M and 
rk s ( Pl )>p. 

Lastly, rk s (p) = a iff rk s (p) > a and rk s (p) ^ a + 1. 
Basic properties of rk s are 

2.17 Claim. Assume 5 is weakly successful good. If M G Ifg and p G ^ S (M), t/ien 
rk s (p) < oo. 

Remark. So this applies in 9.14 to 5* but rk s ( + ) = rk s ( + ) so it applies to s + , too. 

Proof. Assume rk s (p) = oo we can choose by induction on n a triple (M n , iV n , a) , M n < s 
iV n , a G iV n , rk s (tp(a, M n , N n )) = oo and M n < s M n+1 ,N n < s N n+1 and tp(a, M n+1 , iV n+1 ) 
does A-split over M n (in the induction step we use amalgamation and having 
< 2 As possible isomorphism types for (M n+ i, AT n+1 , a) over M n ). Clearly we can 
find (iV+ : n < w) such that M n < s N+ and NF s (M n , M n+i , iV+, N+), N+ +1 
is (A, *)-brimmed over M n+ i U iV n . By 1.17 we know that iV+ = U{iV+ : n < 
u} is (A, *)-brimmed over = U{M n : n < uj}, hence we can embed = 
U{N n : n < u)} into iV+ over M n so without loss of generality?! < u> =>- N n < s 
N+. So for some n < uj we have a G iV+, and by long transitivity for NF we 
have NF S (M, AT+, M w , AT+). We get easy contradiction to tp(a, M n+i , AT+ +1 ) = 
tp s (a,M n+ i, AT+) = tp(a, M n+1 , N n+1 ) does A-split over M n . CH2 . 17 

,2.1$ Remark. An important point is that for any (Mj : i < 5) which is < s -increasing 
continuous and pi G =5^(Mj) for i < 5 such that i < j =>- pi = pj \ Mi in general 
there is no p G y s (U{Mi : i < 5}) such that i < 5 =>- pi = p \ Mi, but for 5 = u> 
there is. 

2.19 Claim. 1) rk s (p) is a well defined ordinal (< 00) ifp G y s (M), M G K s . 

2) If M < s N and p G y s (N) splits over M and rk s (p) < 00, then rk s (p) < rk s (p \ 
M). 

3) If NF S (M , Mi, M 2 ,M 3 ) onrfaG M 4 , tfien rk s (tp s (a, M , M 3 )) = rk s (tp s (a, Mi, M 3 )). 
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4) If M < s N and p G y hs (N) does not fork over M then p does not split over M 
and rk s {p) — ik s {p \ M). 



Proof. 1) Immediate by 2.15. 

2) - 4) Easy. D 2 .i9 

We may like to translate ranks between 5 and s + . 

2.20 Claim, [s is a successful good^ -frame] 

Assume N x < m M 1 ,N 1 G K S ,M 1 G K s(+h p G ^ b(+) (Mi). 

1) If p does not X-split over Ni for 5, then rk a ( + )(p) = rk s (p \ N\). 

2) Also the inverse holds. 

3) If p G =5^(!|_)(Mi) and N\ witnesses it then p does not X-split over N± and 
moreover does not split over Ni. 

4) If P £ ^s(+){Mi) then for some No <m[s] M± of cardinality X,p does not split 
over N and even does not split over N ; we call such N a witness for p. 

5) If p G y^^Mi) then iV~i is a witness for p G y^ +) {Mi) iff p does not X-split 
over Ni . 



2.21 Remark. No real harm in assuming "s is type full" (see Definition 9.4). 

2.22 Conclusion If M < s(+) M x and p G ^ s b ( s +) (Mi) does s(*)-fork over M then 
rk s(+) (p) < rk s(+) (p \ M ). 

Proof of 2.20. 3),4),5) should be clear. 
1) We prove by induction a that 

© a for any such (Ni,Mi,p) we have 
rk a(+) (p) > a rk 5 (p\ N{) > a 

This clearly suffices. 

For a = and a limit there are no problems. So assume a = (3 + 1. First 
assume rk s ( + )(p) > a hence by the definition of rk s ( + ) we can find p, M 2 such 
that Mi < s(+ ) M 2 ,q G y s ^(M 2 ),q \ Mi = p and q does A+-split over M 1 and 
rkg^^) > (3. Hence q is not witnessed by N\ hence q does A-split over N\ hence 
for some N 2 G K s we have Ni < s N 2 <&[ s ] M 2 and q \ N 2 does A-split over N\ 
for & g and without loss of generality^ is a witness for q. So by the induction 
hypothesis rk s(+ )(g) > j3 ^ rk s (<? \ N 2 ) > f3. 
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But by the choice of q, rk s ( + )(g) > (3 hence rk s (q \ N 2 ) > (3. By the definition 
of rk s , as q \ N 2 does A-split over Ni for s, we get rk g (p \ Ni) > rk s (q \ N 2 ) > f3 
so rk s (p \ Ni) > (3 + 1 = a as required. 

Second assume rk g (p \ N±) > a so we can find N 2 , N3, a such that N± < g N 2 < g 
N3, a G N3, q = tp(a, N 2 , AT 3 ) is a A-splitting (for s) extension of p~ = p \ N±. We 
use NF amalgamation to lift this to M 2 ,p. 

2) It is enough to prove rk s ( + )(p) < rk s (p f iV"i) assuming the p does A-split over 
N\. Now we can find N 2 e -Ks such that iVi < s A^ 2 < £[s] — Mi and p does not 
A-split over N 2 but p \ N 2 does A-split over N\. So by part (1) we have rk a ( + )(p) = 
rk s (p t AT 2 ), and by the definition of rk s we know that rk s (p f ./V2) < rk a (p |" iVi). 

Together we are done. 

3) , 4) Left to the reader. ^2.20 
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§3 PRIMES TRIPLES 

3.1 Hypothesis, s is a good A-frame. 

3.2 Definition, f ) Assume s = (£, [jj, ,Y hs ) is a good A-frame. Let K 3 x ' pr = AT s 3,pr 

be the family (pr stands for prime) of triples (M, N, a) G K x ' hs = Kg' hs such that: if 
(M, AT', a') G i^' bs and tp(a, M, N) = tp(a', M, N') then there is a < s -embedding 
f : N ^ N' over M satisfying f(a) = a' . So such triples are called prime. 

2) We say that s = (£, QJ, ,5^ bs ) is A-good 2 or that s has primes if s is A-good and 

(a) if M G K\ , p G ^ bs (M) then for some N, a we have (M, AT, a) G i^' pr and 
p = tp(a, M, N). 

3) (M, N, a) is model-minimal if it belongs to K x ' hs and there is no N' such that 
M < 5 N' < s N and a £ N' (this notion is close to "tp(a, M, A/") is of depth zero, 
N prime over M U {a}" in the context of [Sh:c]). 

4) We say s has [mo del] -minimality if for every M G K s ,p G ,5^ bs (M) there is 
(M, AT", a) G if 3 ' bs in which a realizes p and (M, AT", a) is [mo del] -minimal (see Defi- 
nition 2.9). 

3.3 Definition. 1) We say (Mi, cij : i < a,j < a) is a pr-decomposition of A" over 
M or of (M, AT) if: M, is < s -increasing continuous, (Mi, M»+i, a*) G iff ' pr , M = M 
and M Q = A/"; we may allow A" G but i < a =>- Mi G K s . If we demand just 
M a < 5 N we say "inside AT" instead of "of AT". If we also allow M < s M , M a < s N 
we say in (M, N). Instead "over M" we can say M-based. We call a the length of 
the decomposition. 

2) Similarly for uq (K x ,nq is from II.?) and we define uq-decomposition. We may 
write just decomposition (or s-decomposition) instead pr-decomposition. 

3.4 Claim. 1) If (M, N, a) G K 3 x ' pr and M U {a} C AT' < s AT Men (M, AT, a) G 
,2) Similarly for K x ,uq . 

3) If (M, ATi, ai) G Kj' bs zs model-minimal and (M,N 2 ,a 2 ) G A^' pr and p = 
tp(ai,M, ATi) = tp(a2, M, A^2) Men Mere is an isomorphism from Ni onto N 2 
over M , mapping a\ to a 2 (so both triples are model-minimal and prime and so 
if (M, N' , a') is prime or is model minimal with tp(a', M, N') = tp(ag, M, Ng) then 
for £=1,2 there is an isomorphism fg from N' onto Ng mapping a' to ag and being 
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the identity on M). 

4) Assume s is weakly successful. If Mq < s Mi < s M3 for i = 1, 2 and (Mo, Mi, a) 
belong to Kg ,uq and tp(a, M2, M3) does not fork over Mo (e.g. tp(a, Mo, Mi) /ias 
imigue extension in y(M 2 ) ) then NF 3 (M , M u M 2 , M 3 ). 

5; //Mo < s Mi < s M 2 ,a £ G M i+1 and tp s (a £ , M £ , M e+1 ) G ,y hs (M e ) does not fork 
over M for i = 0, 1 then (M , M 2 , a ) £ i^' uq . 

Proof. Easy (e.g. (3) is 1.18 and (4) is by the definition of K 3 ' nq and the existence 
of NF S -amalgamation). 

□3.4 

3.5 Claim. 1) Assume that s has primes; if (M, iV, a) G K x ' uq then for some 
N', M U {a} C N' < R N and (M, N', a) G i^' pr n K 3 x ' uq . 

2) If (M,N,a) G K x ,pr and K x ,uq is dense (e.g. if s is weakly successful) then 
(M, N, a) G K s x ' uq . 

Proof. Immediate: part (1) by the definition and monotonicity of K x ' uq , part (2) 
by the proof of part (1). n 3 .5 

3.6 Claim. If s is non-multi- dimensional weakly successful and has primes then s 
has model-minimality and all (M, N, a) G K 3 ' pr are model minimal. 

Proof. Let M G K s and p G ^ s bs (M). We know (by Definition 3.2(2) (a)) that 
there is (M, N 2 , a) G K 3 ' hh which is prime and p = tp(a, M, N 2 ). If (M, N 2 , a) is 
model-minimal we are done, otherwise there is Ni satisfying MU {a} C iVi < s iV 2 . 
As (M, N 2 , a) is prime there is an < s -embedding / of N 2 into Ni over M U {a}, let 
jV = f(N 2 ) hence MU{a} C JV < s iVi. So MU{a} C JV < s JV 2 , so by non-multi- 
dimensionality there is b G N 2 \N such that tp(6, No, N 2 ) G ^ s bs (A^o) does not fork 
over M hence by 3.4(5) we have (M a ,N 2 ,a) ^ K 3 x ,uq (the M,N ,N 2 ,a,b here 
correspond to M , Mi, M 2 , ao, ai- This easily contradicts "(M,N 2 ,a) G ifs' pr C 
if s 3 ' uq " which holds by 3.5(2). D 3m6 

3.7 Claim, [s is a good, weakly successful X-frame]. 

1) Assume M < s M e < s M 3 ,a e G M e for £ = 1,2 and (M ,M e ,a e ) G K 3 ' uq /or 
£=1,2. 

Then tp(a 2 , Mi, M3) does not fork over Mq iff tp (ai, M 2 , M3) does not fork over 

Mq. 
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2) Assume M Q < 5 M e < s M 3 and a £ G M e for £=1,2 and (M , M u <n) G iff ' uq 
and tp(a 2 , M , M 2 ) G ^ bs (M ). 7/ tp s (ai, M 2 , M 3 ) does not fork over M then 
tp s (a 2 , Afi, M3) does not /or& over Mq. 



Proof. 1) By the symmetry in the claim it is enough to prove the if part, so assume 
that tp(ai,M 2 ,M 3 ) does not fork over M (see II§5 on <bs)- As (M ,Mi,ai) G 
Kg' uq by 3.4(4) it follows that NF S (M , M u M 2 , M 3 ), hence by symmetry of NF S 
(see II.?) we have NF S (M , M 2 , Mi, M 2 ) which implies that tp(a 2 ,Mi,M 3 ) does 
not fork over Mq by 1.12. 

2) The proof is included in proof of part (1). D 3 .7 

3.8 Claim. Assume 5 has primes. 

(1) If M < s N then there is a decomposition of N over M (see Definition 
3. 3(1), (2)). Moreover, if (M, N, a) G K%' ba then without loss of generality 
ao = a. 

(2) If M <£[ s ] N, M G K s , N G K{+, then there is a decomposition of N over 
M 

(3) If N G K s x+ the length of the decomposition is A + 

(4) In part (1) there is a decomposition of N over M of length < A 

(5) In part (1) if N is (A, *) -brimmed over M , then there is a decomposition of 
N over M of length exactly A. 



Proof. 1) By the definition of A-good frame there is a G N such that tp s (a, M, N) G 
t 5^ s bs (M), so it is enough to prove the second sentence, so without loss of generality a 
is well defined. Choose a^M^ by induction % < X + . Arriving to i, if % = 0,Mj = 
M, a,i = a. If i is limit let Mj = U{Mj : j < i}: if Mj = N we are done, if not then 
for some a; G iV\M; we have tp s (a il Mj, N) G y^ s (Mi). Hi = j + 1 then Mj,aj 
are well defined and we know (as s has primes) that there is Mj +1 < s N such that 
(Mj, Mj_|_i, aj) G K s ,pr ; again if Mj = N we are done and otherwise we can choose 
ai G N\Mi such that tp(aj, Mj, AT) g ,5^ bs (M i ). So by cardinality consideration at 
some point we are stuck, i.e., Mj = AT. 

2) Let (b s : e < A + ) list the elements of N. Repeating the proof of part (1), now in 
choosing a« when i > we can choose any a G Ij = {a G N\Mi : tp s (a, Mj, AT) G 
^ s bs (Mj)} so we can demand that ai = b Sl & b £2 G Ij =>■ e\ < £ 2 . It suffice 
to show that M A + = U{Mj : z < A + } is not equal to N, obviously M\+ <^[ s ] AT. 
Otherwise we can find a G N\M A+ such that S = {i : tp(a,M it N) G ^ bs (Mj)} 
is stationary and without loss of generality i G S =>• tp(a, Mj, AT) does not fork 
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over Mj(*),z(*) = Min(S') so without loss of generality S = [i(*),A + ). The type 
tp s (a, M\+, N) does not fork over Mj(*), so z G [l+z(*), A + ) =>- a G Ij, so if a = o e (*) 
then i G [1 + i(*), A + ) =^ G {6 e : £ < £(*)}, so we have a 1-to-l function from 
[l + z(*),A) into [0, £(*)), contradiction. 

3)-5) Left to the reader. D3.8 

3.9 Claim. 1) [s is a (good) weakly successful X-frame with primes]. 

If £ G K s x+ is A" 1 " -saturated (over A of course), M G K s , M <&[ s ] £ and a\, 02 G £ 

satisfy tp(a^, M, <£) G y hs (M) for £ = 1,2, t/ien tae following are equivalent: 

(a) i/iere are Mi, M 2 /rom K s such that NF S (M, Mi, M 2 , £) and ai G Mi, a 2 G 
M 2 ft/ie meaning of NF above is /or some M3 <^[ s ] <£ /rom K s we have 
NF s (M,Mi,M 2 ,M 3 )) 

(6)£ t/iere is Mg <&[ s ] £ /rom K s satisfying M < s Mg <&[ s ] £ siic/i t/iat G M^ 
and tp(a3_£, Mg, <£) does not /orA; orer M 

(c) ^ i/ (M, Mg, ag) G i^' uq and M^ <&[ s ] € t/ien tp(a3_^, Mg, <£) does not fork 

over M 

(d) g if (M, Mi, ag) G K^ ,pr and Mg <&[ s ] £ then tp(a3_^, Mg, £) does not /orA; 

over M. 

,2) /s is a (good) weakly successful X-frame.] Above (a) <^ (6)^ <^ (c)^ =>- (d)^. 



Proo/. 1) 

(a) =^> (o)i by 1.12 (and the symmetry of NF). 

(b) g =^> (a) + (c)a-i . To prove (c)s-g assume (M, M3_^, a^-i) G K^' uq . As we 
assume (b)g for some M^ <^ £ in K^, we have tp(a3_£, Mg, <£) does not fork over M 
and ag G M £ , so as M < s M< and tp(a*,M, Mg) G ^ bs (M) clearly (M,M £ ,ag) G 
i\" 3 ' bs . By 3.4(4) we have NF S (M, M e , M 3 _ £ , £) hence by 1.12 the desired conclusion 
of (c)s-g holds. This proves also clause (a) if we note, as s is weakly successful for 
some (M, N, b) G i\" 3 ' uq , tp(6, M, N) = tp(a 3 _.g, M, £), so as £ is A+-saturated?? 
without loss of generality a 3 -g = b, N <r[ s ] C 

(c) x-f =>- (d)?,-g : to prove (d)s-g assume (M, Mg,ag) G K x ,pr and Mg <r[ s ] £; now 
"5 is weakly successful" and 3.5(2) implies (M, Mg, ag) G K^ ,uq , and we can apply 
clause (c)s-g to get the desired conclusion of (d)s-g- 

(d) z-f =>- (b)z-f : as s has primes there is M 3 _^ such that (M, M 3 _^, a 3 _^) G X^' pr 
and use 3.5(2). 

Clearly those implications are enough. 
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2) The proof is included in the proof of part (1) except (c)p =» {b)t like (cfys-g =>- 
(b)3-£ using "weakly successful" . EI3.9 

3.10 Claim. Assume s is good + and n-successful and n > 0. 

1) s +n is a X +n -good + frame. 

2) ^[+n] = ' y s<\+™> I" K \+" ( see °-4> the is from Il%2 and is {p E ^ bs (M, s) : 

MeK'Z}). 

3) If 'Me K B x+ l and p E =5^ n] (M) then for some (M, N, a) E K 3 x Z[s +n ] we have 
tp(a,M, N) = p. 

4) If (M, N, a) e K 3 x ?:is+ n ] then (M, N, a) E K 3 x ^[ 5 + n ] . 

5) If M < R N 1 < A N 2 are in K 5 x+ l and a E N 1 then (M, iV 2 , a) G K 3 x ^[s +n ] 
(M, N\a)E K 3 x :?[s+ n ] and (M, iV 2 , a) E K 3 x Z[ 5 + n ] (M, N 1 , a) E i^+ p „ r [* +n ] 
(M,N\a)EK 3 ^[ S +% 

6) Assume n = m + l, and (M , Mi, a) E K 3 x '+*[s +n ] and M e = (M e , a : a < A +n ) 
a < ^-representation of Mg for £ = 1,2. Then : 

(*) (M , Mi, a) G i^; p „ r [s +n ] iff /or some £ 0/ A+ we aaue; for a < (3 in 

E,(M 0jQ ,M 1)Q ,a) G i^' uq [s+™] and (M , Q , M 1)Q , a) <; s+m (M 0AMl „a), 
see ^.jg. 



Proof. Straight; all by induction on n; part (3), (6) by 4.9 + 4.3 below, part (4) by 
3.5, part (5) by 3.4(1),3.4(2). D 3 . 10 

3.11 Remark. 1) If we assume s is unidimensional (see §2) , life is easier: (M, N, a) E 
K 3 f* implies model-minimality, see §3, 3.6. On categoricity see 3.12. 

2) For 3.10(6), note that M 1 is saturated (in £ s+( " -1) above A+ n " 1 ) if (M, M 2 , b) E 
K 3 +*[s +n ] and tp s [ +n ] (0, M , M 2 ) = tp s [ +n ] (a, M , Mi) then we can choose an 
<k[s] -embedding / a of Mi >a into M2, a , increasing continuous with a, mapping a 
to b. For a = use the saturation, for a = (3 + 1 use (M lja , M 2)a , a) G ^ s [^i] + 
saturation. 

3.12 Claim. 7/s is an n-successful good + X-frame and weakly unidimensional and 
categorical in X, then 

(<) J^ +w ) = £ s > A+ „ 

(u) s(+n) is weakly unidimensional, and categorical in X +n . 



Proof. By 3.10 and 2.7. 
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§4 Prime existence 



We give some easy properties of primes for s + . A major point is 4.9: existence 
of primes. We also note how various properties reflect from K s + to K 5 . 

4-1 Hypothesis. 1) s = (£ s , QJ, y hs ) is a successful good+A-frame, .ft = &[s] as 
usual. 



4.2 Definition. 1) We let <bs=<t,s De the following relation (really quasi order) 
on K^ hs : (M,N,a) < bs (M',N',a) if both are in K^ hs ,M < s M',N < s N' and 
tp(a, M', N') does not fork over M. 

2) <bs=<bs S is the following quasi order on K 3 x ' hs : (M, N, a) <* s (M 1 , N', a) if 
(they are in Kg ' bs and) (M, AT", a) <b s (M', A', a) and if they are not equal then 
M', N' is universal over M, N respectively (and <£ s has the obvious meaning). 

4.3 Claim. Assume M G K s (+) andp G ^ S b ( b +) (M ). Then we can find a, M , Mi, Mi 



(u) aeM 1]0 

(m) (M 0)Q , Mi )Cn a) G i^' uq for every a < A+ 

(viz) M^ + i is (A, *)-brimmed over M^j /or z < A + , £ < 2 

(um) (Mo 5 a, Mi ja , a) is <^ s -increasing 

4.4 Definition. If we say (Mo, Mi, a) is canonically s + -prime if there are M°, M 1 
are as in claim 4.3 above (see 4.9 below, formally this depends on s, but our 5 is 
constant). 

Proof. Let M 0j o M ,M 0i o € Aa be such that M 0) o is a witness for p and 
(b a : a < A+) list | Af 1 

We choose by induction on a < A + , a pair (Mo, a , Mi >a ) such that: 



Recall 



such that: 



(Hi) 
(iv) 
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(a) (M , a ,M ha ,a) e K 3 x ' hs 

(b) (M 0)/3 , M 1)/3 , a) < bs (M 0>a , M 1)Q , a) for /3 < a 

(c) if a is a limit ordinal then Mi )Q . = M^ 5( g for £ = 0, 1 

/3<a 

(d) for every even a, if (M , Q , Mi, a , a) ^ i^' uq then 
-. NF s (M , a , Mi, Q , M 0l a+i, Mi, a+ i) 

(e) for odd a, M^ jQ , + i is brimmed over Mg )Q , for s, for £=1,2. 

There is no problem to carry the definition (concerning clause (d), it follows by 4.5 
below) . 

Before we continue note 

4.5 Claim. 1 ) If (M, N, a) G K^' bs tfien (M, iV, a) £ K s x ' uq iff for some (M', N',a) e 
K 3 x ' hs we have (M, N, a) < bs (M',N',a) and -NF g (M, N, M', N') . 
2) If (M £ , N £ , a) <l s (Mi +1 , N £+1 , a) for i = 0, 1 then (M 2 , N 2 , a) is universal over 
(M , N , a) for < bs . 



Proof. By the definition of K x ' uq and the uniqueness and existence of NF-amalgamation 
by II§6 (i.e., any two NF ones are compatible), the conclusion follows. LI4.5 

Continuation of the proof of 4.3 

By clause (e), necessarily M[ =: M^ a G K x+ are saturated for £ = 0, 1. 

a<A+ 

Also Mo <*[ B ] M{ and by clause (b) we have tp s(+) (a, M' Q , M[) G ^ s b ( s +) (M"o) is a 
stationarization of p \ Mo,o, i.e., is witnessed by it. So without loss of generality 
Mq = Mo and tp(a,M^M[) = p and by 1.7, clause (b) we have M <* x+ M 1 , so 
by its definition (see II.?) for some club E of A + we have a G E & a < {3 G E =>- 
NF S (M 0)Q; , Mi >a , M 0)/ a, Mifi), hence by monotonicity of NF S and clause (d) of the 
construction we have a G E =>- (M 0)Q ,, Mi jCn a) G K^' uq . By renaming we get the 
conclusion. D 4 3 

4.6 Claim, Assume (3 < A + , (Mj : i < (3) is < s -increasing continuous and 
(M l ,M i+1 ,a l ) G if s 3,bs fori < 13 and M < s M+ . Then we can find {Ni : i < (3) 
such that: 



(i) Mi < s Ni 

(ii) Ni is < s -increasing continuous 
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(Hi) tp s (ai, Ni, N i+ i) does not fork over Mi 

(iv) (N^ N i+ i,a,i) G Kg ,uq 

(v) M + can be < s - embedded into Nq over Mq 

(vi) N is (A, *)-brimmed over Mi for i < (3 

2) Assume further NF S (M , M + , Mp, M*), e.g. M+ = M ,M p < s M* , then we 
can replace (v) by 

(v)+ M+ < s N and M* < 5 Np. 



Proof. 1) We try to choose by induction on ( < A + a sequence M c = (Mf : i < 13) 
such that 

(a) M** is < s -increasing continuous 

(b) M° = (M z :i< 13) 

(c) for each i < (3 the sequence (Mf : e < Q is < s -increasing continuous 

(d) tp s (ai, Mf,Mf +1 ) belongs to ^ s bs (Mf) and does not fork over M° 

(e) if C = 1 then M+ can be < s -embedded into M C over M Q = Mq 

(/) if C = £+1 and e limit, then for some i < (3 we have -. NF S (Mf, Mf +1 , Mf , Mf +1 ) 
(g) if C = £ + 2 then Mf is (A, *)-brimmed over M- +1 . 

There is no problem to define for £ = 0, £ = 1 and £ limit. For £ = £+ 1, e not limit 

straightforward as in Chapter II, so assume e is limit, if we cannot proceed then e is a 

limit ordinal and we are done: let (N : i < (3) = (M^ : i < (3). If we succeed to carry 

the induction for all £ < A + . Now we have s is successful (we use the second demand 

(b) of ?(3)), for each i < (3 for some club Ei of A + , for every e < ( from E we have 
^> scite{705-stg.0B} undefined 

NF s (Mf , Mf +1 , Mf, Mf +1 ). Let s < ( be successive members of E = n{Ei :i<(3}, 

so by monotonicity of non-forking we have i < (3 =>- NF s (Mf, iVf +1 , M/ +1 , Mf+j 1 ), 

contradiction to the construction. 

2) Similarly with the following changes: we let Mg +1 = Mg, in the demand above 
we have M c = (Mf : i < (3 + 1) and 

(e)' if C = 1 then M+ < s M C , M* < s Af| +1 

(/i) if C = £ + 2 and MJ 7^ M^ +1 then for some 6 G M £ p +1 \M £ p the type 
tp(6,M| +1 ,M|+}) G ^ S (M^ +1 ) forks MS). 
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Alternatively for every ( > 1, NF S (M °, M C , M$, Af|) hence NF S (M °, M$, M$, M|) 
over Mq U (using uniqueness of NF). 

As U{M| : £ < A + } is saturated we can embed M* into this union hence into 
M*p for some C(l)- I* 1 the end of the proof of (1) demand ( > ((1). CI4.6 

4.7 Claim. Assume (*)m holds (see below) and p G ^ (Mo) t/ien we can find N 
and a such that (*)jv,m holds, where: 

(*)n,m ^9(N) = £g(M),Mi < s Ni are from K S ,N is < s -increasing, a G N , 
tp(a,Mj,Aj) is a nonforking extension of p and (Mj,Aj,a) G K s ' nq for 
every i < £g(M) and N i+ i is (\,*)-brimmed over Ni and A is (A, *)- 
brimmed 

(*)m M = (Mi : i < a) is < s -increasing continuous, a < A + ,M is (A, *)- 
brimmed and M i+ i is (A, *)-brimmed over Mi for i such that i + 1 < a 
(hence [i < j < a =>- Mj is (A, *)-brimmed over Mi]) and if a is limit, then 
[i < a =>- U{Mj : j < a} is (A, *)-brimmed over Mi]). 



Proof. By the proof of 4.3 (let : C £ [1><^]) be increasing continuous with 
a c G E,a\ > Min(E), let a = 0, let A c = M lja( , for C > and lastly find 

A < s M hMin(E) ). n 4 .7 

4.8 Conclusion : 1) Ag' uq is <£ s -dense in A|' bs , also <£ s C<t, s (both by their 
definitions). 

2) If (Mi, N u a) <* hs (M 2 , A 2 , a) < bs (M 3 , A 3 , a) then (Mi, A 1? a) <* hs (M 3 , A 3 , a). 

3) If (Mi, Ai, a) < bs (M 2 ,A 2 ,a) <£ B (M 3 ,A 3 ,a) then (Mi, Ai, a) < s (M 3 ,A 3 ,a) 
and (Mi,Ai,a) < bs (M 3 ,A 3 ,a). 

4) If 5 < A + is a limit ordinal, (Mj, Aj,a) G ATg' bb for z < 5 is <£ s - increasing then 
(M„ A,, a) <£ B ( |J M,-, |J Nj , a) G AT^ bs . 

j<<5 j<<5 

4.9 Claim. (Prime Existence) 1) If M G AT s ( + ),p G are 
A G an element a satisfying (M, A, a) G -K^^ • This means that if 
M M' G K g t + \, a' G A' realizes p then there is a < ^-embedding f of A into M 
such that f \ M = idM, /(a) = a' . 

2) In fact if(M,N,a) is like (M ,Mi,a) o/^.5 £/ien tfiis holds, i.e., (M, A, a) is 
canonical s + -primes are primes for s + . 
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Proof of 4.9. Let M = M and let M ,M 1 ,M 1 ,a be as in 4.3 and let N = M 1 
and we shall prove that iV, a are as required. So let M M' G ^ s (+), a' G M', 
tp s (+) (a', M, M ') = p. We define by induction on ol a <^-embedding f a of ikfi a 
into M', such that / a (a) = a', / Q is increasing continuous and f a \ M 0)Q , = idM ,a- 
For a = 0, as M' is saturated in & s x+ (over A) and a' realizes in M' the type 
p \ M 0) o this should be clear. For a limit take the unions. For a = (3 + 1, there 
is a model iV a <^ M' from K\ which includes f a {M\ t p) U M 0)i g+i and is (A, *)- 
brimmed for 5 over this set, there is such N as M' is saturated over A. So as 
(Mo )( a, Mi )( g, a) G i^' uq and tp s (a, M 0)( a+i, M') does not fork over Mq^, we have 
NF JS (Mo j/ g, fpiMi^p), Mq^ + i, N a ) hence by the definition of Kg ,uq we can extend 
fp U id Mo ,a to a < ^-embedding f a of M 1>a into iV Q . 

So having carried the induction, / = U{/ Q : a < A + } is a <^-embedding of 

Mi = M 1;Q , into M' over M = M mapping a to a', so we are done. Q4.9 

a<\+ 

4.10 Claim. (Ks' uq , <^ s ) is A + -strategically closed. Moreover, if 5 < X + is a 
limit ordinal, ((iVo,i> -/V"i^, a) : i < 5) is <^ s -increasing continuous in K x ,nq and 
AT 0)i+1 , AT 1)i+1 is (A, *) -brimmed over iVo,i>-Wi,i respectively for each i < 5 (equiv- 
alently, the sequence is <l, s -increasing continuous), then (^J AT 0j j [J A^i^a) G 

i<<5 i<<5 

7^3, uq 

A • 

Recalling 

4.11 Definition. A partial order / is 5-strategically closed if in the following game 
the COM player has a winning strategy. A play last 5-moves, for a < 5 the INC 
player chooses s a G I such that (3 < a =>- tp </ s a and then the player COM 
chooses t ajS such that s a </ t a . The player INC wins the play if or some a < 5 he 
has no legal move; otherwise, the player COM wins the play. 



Proof. It suffices to prove the second sentence by 4.7 or 4.8. Let (Mqj, a) : 
i < A + ) and E be as constructed in 4.3 be such that % = =>- (Mq^, Mij, a) = 
(No^N^a). 

We now by induction on i choose fi, such that: 

(a) fi is an < s -embedding of Nij into Mi jCCi 

(b) fi increasing continuous in i 

(c) fi maps N Qji into M QjCei 

(d) ai is increasing continuous, i > =>- en G E 
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(e) cto = and fo is the identity 
(/) fi(N lti ) n |J M , 7 = fi(N ,i) 

7<A+ 

(a) N 0:Oti < A fi(M 0ji+1 ). 

Note that clause (f) follows automatically as (Nq^, Nij, a) G K^ ,uq and non-forking 
amalgamation is disjoint. Also for limit i, clearly fi(No^) = Mo jai (check) and 
{a}UM , Qi C fi(N hi ) < 5 Mi, a .. 

Lastly fi maps ((J A^ ,j, (J N 1>s ,a) isomorphically into (M 0>as , M 1>ols , a) and 

i<5 i<S 

maps N 0:i onto M 0)a<5 (see clause (g), i.e., the previous paragraph). The latter 

i<6 

belongs to -ftT 3 ' uq , so (by 3.4(2) monotonicity for K s ,uq ) we are done. Q4.10 

In 4.12(2) below we show how relevant situations in s + reflect to s. 

4.12 Claim. 1) If (M ,Mi,a) G and M l = (M* : a < A) is a < s - 

representation of Mi for i = 1, 2 then for some club E of A + we have 

(*) ifaeE then (M°, M*, a) G if s 3 ' uq . 

£,) ^lss«me M Q < s (+) M^ < s(+) M 3 and G M^ and p£ = tp s(+) (a^, M , M e ) for 
i= 1,2. TTien /or a cZufr -E 1 o/ A + for every 5 G E we have 

(i) ifvt e ^ S b ( b +)( M °) </ien ^,<5 = tp,(a £ ,M ,*,M M ) G ^ bs (M 0)(5 ) and 
(and p£j ) are witnesses for pi 

(ii) if i G {1,2} and tp s (+) (a,£, M 3 -i, M 3 ) zs an s + -nonforking extension of pi 
then tp s (o£, M 3 _^ )( 5, M 3)< 5) is an s-nonforking extension oftp s (ae, Mqj, M^g) 
(hence oftp s (ai, M 0)min ( B ), M £jUlin{E) ) 

(Hi) if a & 5 HE then M^ +1 is (A, *) -brimmed over for £ < 4 

(iv) if(M ,M e ,a e ) G K*£? i/ien (M d °,M|,^) G if 3 '" 9 . 



Proof. 1) We can find M 2 ,a 2 such that (Mo,M 2 ,a 2 ) G ^ s (+ r ) and this triple is 
canonically s + -prime, i.e., is as in 4.3 (with M , M 2 , a 2 here standing for M , Mi, a 
there, of course) and tp s ( + ) (a 2 , M , M 2 ) = tp s ( + ) (a, M , Mi). There is a < s (+)- 
embedding of Mi into M 2 over Mq mapping a to a 2 so without loss of generality a 2 = 
a & Mi < s M 2 . Let M^ be a < s -representation of Mi for £ < 3 and E a 
thin enough club of A + . As Mi < s (+) M^ + i for any a < (5 from E we have 
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NF s (M^,M^ +1 ,Mj,M^ +1 ) for £ = 0,1 and by the choice of M 2 for any a < (3 
from E we have (M^M^a) G K^ uq . By monotonicity of AT s 3 ' uq , i.e., 3.4(2) as 
M° U {a} C Mi <^ [s] we get (M°, M*, a) G if s 3 ' uq as required. 
2) Straightforward (for (iii) recall that G K s x+ is saturated (above A) for 5). 

□4.12 

4.13 Claim. 1) (M,N,a) G K^y then it is canonically s + -prime. 

2) Uniqueness: if (M, Ng,ai) G K a <^) and tp s ( + ) (ai, M, Ni) = tp s ( + )(ai, M, iV 2 ) 
t/ien £/iere is an isomorphism f from Ni onto A 2 over M satisfying /(ai) = a 2 . 

Proo/. 1) By 3.4(2) and 4.12. 

2) By part (1), we know that {M,Ni,ai) is canonically s + -prime. Now we build 
the isomorphism by hence and forth as in the proof of 4.9. Q4.1 

It is good to know that also NF S ( + ) reflect down (when we have it). 

4.14 Claim. Assume that also s + is weakly successful so NF S ( + ) is well defined. 
If Mi G K s{+) fori = 0,1,2,3 and NF s(+) (M , M u M 2 , M 3 ) and M £ = (M e , a : 
a < X + ) does < s -represent Mi for i < 4, then for a club of 5 < X + we have 
NF a (M , s ,M 1 , s ,M 2 , s ,M 3 ,s). 

Proof. Without loss of generality Mi is (A + , *)-brimmed over M for s + for £ = 1,2 
and M 3 is (A + , *)-brimmed over Mi U M 2 (by density of (A + , *)-brimmed recalling 
s + is a weakly successful A + -good frame, and the existence property of NF S ( + ) and 
the monotonicity of NF S ( + ) and NF S ). 

Let (Ni }Cn a l a : a < A+) be as in 3.8 applied to s(+) for (M , M t ) for i = 1, 2 
(the length being A + is somewhat more transparent and is allowed as Mi is (A + , *)- 
brimmed over M for s+ by 3.8(6)). As M 3 is (A+, *)-brimmed over Mi U Af 2 , 
without loss of generality we have (N 3ja : a < X + ) which is < s (+) -increasing con- 
tinuous, A 3 , = M 2 , A 3)A+ = M s , N 3 , a n Mi = A 1>Q and {N ha , N ha+U a* ) <* ( s +) 
(A 3ja , N 3j a + i, a} a ); see II§6. For each a < X+,£ < 2,3 let (A^, a ,i : i < A+) < s - 
represent iV^ a . Let Ei jOC be a club of a such that i G Ei jCt implies (iVi,a,i) -Wi,a+i,i) o} a ) G 
if 3 ' uq and tp s (a Q , N ljC(ji , iVi, a+ i,i) does not fork over A^Min^^) hence tp s (a* , A 3)Q)i , A 3]a+M ) 
does not fork over Ni^ Min ( El \; note that Ei jCX exists by 4.12. Let E = {5 < X + : 

6 limit, 6 G p| E lja and M t ,s n M m = for £ < m < 3, (£, m) ^ (1, 2), M M = 

a<(5 

N hS ,M 3 ,s = [J A 3 , a , 5 = |J A 3)Q)Q ,M ,5 = Ai )0 ,5 and M 2 , 5 = A 3i o, 5 }. Now 

Qf<(5 Qf<(5 

check. Q4.14 
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* * * 

Discussion : By the above in the cases we construct good A-frames s in II.?, s is 
essentially t + , t is almost good and we need that s is successful to get s + has primes; 
but t is close enough to being good and successful so that s itself has primes. In 
the other two cases of 1.5(1) there are primes for different reason: K is easier. As 
for the case we use [Sh 576] this is not clear. 

4.15 Claim. 1) If 5 is as in II. ?, then s has primes. 

2) If s is as in II. ?,II. ?, i.e. Cases 2,3 of 1.5(1), then s has primes. 

Proof. 1) Like the proof of 4.9. 

2) Using stability in N we can construct primes directly. D4.15 
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Here we make a real step forward: independence (of set of elements realizing 
basic types) can be defined and proved to be as required. In an earlier version we 
have used existence of primes but eventually eliminate it. 

5.1 Hypothesis, s is a good weakly successful A-frame. 

Remark. E.g. s = t + , t is A + -good and 1.5-successful, A = X s . 

5.2 Definition. Let M < s N (hence from K s = K{). 

1) Let I m ,n = {aeN : tp s (a, M, N) e ^ s bs (M)}. 

2) We say that J is independent in (M, A, N) if (*) below holds; when: A = N' 
we may write N' instead of A; if N is understood from the context we may write 
"over (M, A)"; if A = M and we may omit it and then we say "in (M, AT)" or "for 
(M, N) n ; where: 

(*) J C 1m,n, M < s N,M C A C N and we can find a witness (Mi, aj : i < 
a, j < a) and iV + which means: 

(a) (Mi : i < a) is <^-increasing continuous 2 

(6) M Li A C Mi < s N+, (usually MCA) and N < 5 N+ 

(c) cii G Mj + i\Mj, (if we forget to mention M a we may stipulate M a = 
N+) 

(d) tp(aj, Mi, M i+ i) does not fork over M, 

(e) J = {cii : i < a}. 

The name independent indicates we expect various properties, like finite character, 
so we start to prove them. 

5.3 Claim. Assume that NF S (M , M 1 , M 2 , M 3 ). Then J is independent in (M , M 2 ) 
iff J is independent in (Mq, M±, M3). 

Proof. The if implication is trivial. The only if implication is easy by chasing arrows 
and using NF S -uniqueness (and existence and 1.12). □6.14 



2 note that omitting "continuous" makes no difference 
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5.4 Theorem. Assume M < s N so are from K s and 3 C Im,n- 

1 ) The following are equivalent: 

(*) every finite 3' C J is independent in (M, N) 
(*)i J is independent in (M,N) 
(*) 2 Zi&e (*) of Definition 5.4 adding 

(/) Mj + i is (A, *)-brimmed over Mi U {a^} /or i < a 

(*) 3 for every ordinal (3, \(3\ = |J| and list (a^ : i < (3) with no repetitions of J 
there are Mi (for % < f3) such that (Mj,a,i : j < (3, i < 0) and N + which 
satisfy: 

(a) Mi is < s -increasing continuous, Mq = M 

(b) M < 5 Mi < s N+ and N < 5 N+ 

(c) a, G M l+1 \M, 

(d) tp s (oj, Mj, Mj + i) does not fork over M 

(e) 3 = {a z :i < P} 

(f)s Mi + i is (A, *)-brimmed 3 over Mi U {a^} 

(*) 4 like (*) 3 replacing (f) 3 by 
(f) 4 (Mi,M i+1 ,ai) e Ks ,uq 

(*) 5 like (*) 4 adding 

(g) if there is M' i+l < s M i+1 such that (M i} M/ +1 , a<) G Ks' pr ^en 

(*)6 ^A;e (*)5 adding 

(h) if (Mi, Mi + i,a,i) £ Kg ,pr for each i < (3 (holds e.g. if s has primes) 
then M a < s N. 

(so in (*) 6 ((Mi,a,i : i < (3) is a witness for "J independent for (M,N) and it is 
an M -based uq- decomposition inside (M,N) see Definition 3.3). 

2) If M U J C N~ < s N and N < s N + e K s , then : J is independent in (M, N+) 
iff J is independent in (M,N) iff 3 is independent in (M,N~). 

3) If 3 is independent in (M, N) and a; 6 J for i < (3 are with no repetitions, 



3 omitting {a{\ give an equivalent condition 
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M = M and (Mi : i < /?), (a^ : i < f3) are as in (*) 4 clauses (a)-(e) from part 
(1) and M/3 < s N, then J\{ai : i < (3} is independent in (M, Mp, N). 
4) If M~ < 5 M, M~ e K 5 ,J is independent in (M, N) and J'C J and [a G J' 4 
tp s (a, M, N) does not fork over M~], then J' is independent in (M~ , N); moreover 
if M~ C AC M then 3' is independent in (M~,A,N). 

Proof. First note that part (2) is immediate by the amalgamation property, and 
also part (4) is straightforward so it is enough to prove part (1) + (3). Clearly 

^0 (*)4 (*)s 

[Why? We choose (/^M/) by induction on i < a such that M[ is < s - 
increasing continuous, fi is a < s -embedding of Mj into M' il fi is increasing 
continuous, f = idM 0? tp(/ i+ i(ai), M[, M' i+1 ) does not fork over M, M' i+1 
is (A, *)-brimmed over M- U {/j+i(aj)}. By amalgamation without loss of 
generality there are (g, N') such that M' a < N' , g is a < s -embedding of N + 
into N' extending f a . Renaming g = idjv+ so clearly we are done.] 

Hi (*) 6 =>• (*)s (*)4 (*)s =>• (*)2 =>• (*)i =>• (*)o 

[Why? The implication (*) 4 =>> (*) 3 by B , (*) 5 => (*) 4 as if 3 > pr C if 3 ' uc i 
by 3.5(2) (as we assume 5.1, i.e., s is weakly successful). For the others, 
just read them.] 

IE 2 if (Ml : i < a'), (ai : i < a') and Af+ are as in (*) 2 witnessing "J is 
independent in (M, AT)" then we can find M" < s Ml for i < a' such that 
(M" : z < a'), N + is as required in (*) 4 clauses (a)-(e),(f) 4 of part (1) 
[why? choose M" < s Ml by induction on i such that Ml is < s -increasing 
continuous, (M" , Ml' +1 ,a,i) e K^' uq and % < a M" M/, using the 
hypothesis "5 is weakly successful" and u Ml +1 is (A, *)-brimmed over M/"]. 

Hence 

E 3 (*)s =>" (*)4 

and similarly (recalling Kg ' pr C if|' uq ) 
E 4 (*) 4 =>• (*) 5 . 

Also if (Mi : i < a),N + 7 (ai : i < a) are as in (*)i, i.e., satisfy clauses (a)- 
(e) of (*) 3 with a instead of (3 then we can choose (Mf, fi) by induction on 
i < a such that Mf is < s -increasing continuous, fi is a < s -embedding of Mi 
into Mf.fi is increasing continuous, NF(f Mf, f i+1 (Mi), Mf +1 ) and M+ 
is (A, *)-brimmed over Mf U {a^}. Without loss of generality fi = id^; for 
z < a. By renaming without loss of generality fi = idMi and by amalgamation 
without loss of generality Mf < s N + . So 

E 5 (*)i (*) 2 - 
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We prove part (1) + (3) by induction on |J|. 

Case 1 : |J| < 1. 
Trivial. 

Case 2 : n = |J| finite > 1. 

As J is finite (and monotonicity of independence) clearly 

®i (*)o (*)i- 
We first show 

®2 (*)2 (*)3- 

As the permutations exchanging m, m+1 generate all permutations of {0, ... , n— 1}, 
above it is enough to show 

®3 if (Mfc, ai : k < n, £ < n) and are as in (*) 2 and m < n — 1 and is 
if £ < n & £ ^ m & £ 7^ m + 1, is a m +i if £ = m and is a m if £ = m + 1, 
then for some for £ < n we have (M£, a' e : k < n, £ < n) and are as 
in (*) 3 . 

Why does (g) 3 hold? Let M[ be if £ < m V £ > m + 2. 

As s is a good frame and tp(a m+ i, M m+1 , M m+2 ) G =i^ s bs (M m+ i) does not fork over 
M and M < s M m < 5 M m+1 clearly tp s (a m+u M m+1 , M m+2 ) E ^ s bs (M m+1 ) does 
not fork over M m and similarly tp(o m , M m , M m+1 ) G y ha (M m ). Hence there are 
by symmetry M ', M " such that M m+2 < s M", M m < s M' < 5 M", a m+1 E M' and 
tp s (a m , M', M") does not fork over M m and without loss of generality M' is (A, *)- 
saturated?? over M m U {a m +i}. As M m+2 is (A, *)-brimmed over M m+ i U {a m+ i} 
which include M m U {a m }, without loss of generality M" < s M m+2 and, moreover, 
without loss of generality M m + 2 is (A, *)-brimmed over M" hence over M'U{a m } = 
M'U {a' m+1 } (equivalently over M'); just think on the definitions. Let M' m+l = M' 
so ®i holds. 

So (in the present case) we have 

®4 (*)o & (*)l ^ (*)2 ^ (*)s ^ (*)4 ^ (*)5- 

Next 

®5 part (3) holds. 

Why? By the induction hypothesis, it is enough to deal with the case (3 = 1, i.e., to 
prove that J\{ao} is independent in (Mi, N) assuming (M, Mi, ao) E Kg ,uq , ao E J, 
also without loss of generality J\{ao} 7^ (otherwise the conclusion is trivial) hence 
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n > 2. Choose bo, ... , 6 n - 2 such that they list J\{ao} and we can let 6 n -i = an d 
possibly increasing N let (M' t : £ < n) be such that {be : t < n), (M^ : £ < n) are as 
in (*) 4 clauses (a)-(e),(f)4, they exist as we have already proved most of part (1) 
in ®4 above in the present case. So tp s (ao, M' n _ x , M' n ) = tp s (6 n _i, M' n _ x , N) 
does not fork over Mq = M so as (M, Mi,ao) G K^' uq we can deduce that 
NF S (M,M^_ 1 ,M 1 ,N) by [\600 , §6] ,11.?. Hence (or see 5.5(2)) easily by the NF 
calculus for some iV + , N N + G we can find M 2 , . . . , M n such that Mi < s 

m 2 < s ... < s M n < A n+j e {1,2,..., n- 1} nf s (m;,m, +1 ,m; +1 ,m, +2 ). 

By 1.12 tp s (6.g, Mi + i, Mt+2) does not fork over hence by transitivity of non- 
forking for £ < n — 1 the type tp s (6^, Mg + i, Mi +2 ) does not fork over M. So 
{Mi + £ : £ < n — 2) witness that (6q, • • • , is independent in (Mi, iV + ). So by 

part (2), i.e., for n — 1, clearly (6 , • • • , 671-2) is independent in (M 1; AT), so by part 
(4) we have shown part (3), i.e., (8)3. 
To complete the proof in the present case we need 

®6 (*)5 =>• (*)e- 

We do more: we prove this in the general case provided that part (3) has been 
proved. 

So let {di : i < j3) list J with no repetitions and let iV + , (Mj : i < (3) be as in (*) 5 . 
The only nontrivial case is when i < (3 =>■ (Mj, M i+1 , a^) G Kl ,w . We now choose 
by induction on i < (3 a < s -embedding / 4 of Mj into iV such that fo = idM and 
fi+i(ai) = a t . 

Now fo is defined, if fi is defined, then by part (3) which we have already proved 
for this case we know that J\{cij : j < i} is independent in (M, /(Mj), iV + ) so 
tp s (a i ,/(M i ),AT+) does not fork over M hence /i(tp(a,, M h M i+1 )) = tp s (a t J(M l ),N+). 
Hence fi + i exists as (Mj,M i+ i,a^) G K|' pr and the definition of Kl' w . Lastly 
{fi(Mg) : £ < n) witnesses that (*) 6 holds. 

Case 3 : | J| = /j, > Ko- 

Now we first prove what we now call (3)~, a weaker variant of part (3), which is: 
replacing in the conclusion "independent" by "every finite subset is independent", 
this will be subsequently used to prove the other parts, so by (1) we shall get part 
(3) itself; we prove (3)~ by induction on the ordinal (3 (for all possibilities) and for 
a fixed (3 by induction on |J\{aj : i < (3}\ which without loss of generality is finite. 

First, for (3 = it is trivial. 
Second, assume f3 = 7 + I and let bo, ... , 6 n _i G J\{a^ : i < (3} be pairwise distinct, 
and we should prove that {60, . . . , 6 n _i} is independent in (M, Mp, N). Now by the 
induction hypothesis on (3 applied to (Mj, aj : j < 7, % < 7) and {60, . . . , 6 n _i, a 7 } 
we deduce that {60, . . . , 6 n _i, a 7 } is independent in (M, M 7 , N). Now the desired 
conclusion follows from the case with J finite. 
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Lastly, assume (3 is a limit ordinal and let n < u>, bo, ... , 6 n _i G J' =: J\{a^ : 
i < f3} be pairwise distinct. We should prove that {bo, . . . , b n -i} is independent in 
(M, M/3, AT). By the induction hypothesis on (3 we have e < (3 implies tp(&o 5 M e , N) 
does not fork over M, hence tp(&o, Mp, N) does not fork over M. By Claim 5.5(2) 
below we can find (M £ : e < f3), ^-increasing continuous and N + satisfying A" < s 
N+ G K s and NF s (M e , M c , M[ +£ , M[ +( ) for e < ( < p,M' p < s N+,M Q < 5 Mq 
and tp s (a e , M[ +s , M[ +s+1 ) does not fork over M such that letting a' = b' , a' 1+s = 
a e ,M' = (M e ,a' c : e < 1 + (3, ( < (3) we have {M' e , M' e+1 , a' e ) G AT s 3 ' uq and M £ < s 
M{ +£ for e < note that 1 + /? = /? as/? is a limit ordinal. 
Now 

® 7 {M £ , a c : £ < /3, C < /3) is as in (*) 4 for (Mq, iV+). 
[Why? As NF S (M , Mq, AT, JV+) by 5.3.] 

Hence by the induction hypothesis on n, {b\, . . . , is independent in (Mq, Mp, N + ) 

so by part (4) also in (M, M{ +/3 , N + ) and recall tp(&o, Mp, N + ) does not fork over 
M while b G M^,M < s M^ < s M{ +/3 , so easily {bo, ■ ■ ■ , 6 n -i} is independent 
in (M, M^,A^ + ), i.e. by 5.6(1) below hence by the induction hypothesis (using 
parts (2) + (4) for the cases of finite J) the set {bo, ■ ■ ■ ,b n -\} is independent in 
(M, Mp, N) as required so we have proved (3)~ 

Next we prove (*) =>• (*) 4 i n P ar t (!)• 

For proving (*) 4 let (cii : i < (3) be a given list of J and we will find N + , (Mj : 
% < (3) as required; we do it by induction on (3, i.e. we prove (*) 4 ,/?. We now choose 
by induction on % a pair of models Mj < s A^ such that 

□ ATj is < s -increasing continuous, Ao = N, Mi is < s -increasing continuous, 
Mo = M and i = j + 1 implies (Mj, Mi, aj) G AT 3 ' uq and every finite subset 
of J\{a,j : j < i} is independent in (M, Mi, Ni) and N = N and ATj is 
< s -increasing continuous. 

Subcase a : For z = there is no problem. 

Subcase b : For % limit let Mj = Mj, the least trivial part is the clause in □ on 

independence. As for i = (3 this clause is trivial, in fact {*)&,p is already proved. We 
can assume i < (3 and let {cii , . . . , a,i n l } C J\{aj : j < i} be with no repetitions. 
Now if i < fx then by renaming without loss of generality max[{i^ : i < n}U{i}] < fx 
so we can use our induction hypothesis on fi. So we can assume (3 > liV (i = (3 = li) 
and the case i = (3 = fx is trivial and can be forgotten, so as we are inducting on 
all listings of J of a given length we have actually proved (*) =>• (*)a,p for (3 = fx, 
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so J in independent in (M, N) (as witnessed by some list of length fil). So we can 
apply (3)~ and get that {ai , . . . , ai n _ 1 } is independent in (M, Mi, Ni) as required. 

Subcase c : For i = j + 1, as in s we know that X|' uq is dense (as s is weakly 
successful and good) we can find Ni, Mi as required and the induction assumption 
on i holds as we have proved the claims for finite J. 

So we have finished the induction on i, thus proving (*) =>• (*)4 for J of cardinality 
< \i. Hence we have part (1) for \i by Kli + KI4 + KI5 from the beginning, as 
(*)o =>• (*)4 was just proved and =>- (*)e was proved inside the proof of the 
finite case. Hence we have proved part (1). Now part (3) for fi follows from (1) + 
(3)~. So we have finished the induction step for fx also in the infinite case (case 3) 
so have finished the proof. D 5A 

Still to finish the proof of 5.4 we have to show 5.5(2), 5.6(1) below. 

5.5 Claim. 1) [Assume s has primes.] If (Ni,aj : i < a,j < a) is a M- 
based pr- decomposition for s inside N (so N a < s N , see Definition 3.3), b G N , 
tp s (6, N a , N) is a nonforking extension of p G 5^^ s {Nq), then we can find (N[, a'j : 
i < 1 + a,j < 1 + a) an M -based pr- decomposition for s inside N + , such that 
N < N[ +i ,N = N^,b = a' ,ai = a' 1+i , tp s (cii, N[ +i , N[ +i ) does not fork over 
N,K< 5 N+,N< A N+. 

2) Similarly for uq- decomposition only N < s iV~Q (instead equality). 



Proof. 1) Chasing arrows: first ignore b = a' , demand just tp s (a' , N , N[) = 
tp(6, iV"o, N) and ignore iV < s iV + . After proving this we can use equality of types. 

In details, we choose by induction on i < a a pair (N*, fi) and 6*, a* (if i < a) 
such that: 

(a) fi is a < s -embedding of N into N* 

(b) N* is < s -increasing continuous 

(c) iV * satisfies (N ,N*,b*) G K s 3,pr and tp s (b* , N , N*) = tp s (b, N , N) 

(d) f = id No 

(e) if % = j + 1 then (N*, N*, a*) G Kf w and f t {a 3 ) = a] 

(f) tp,(6*, fi(Ni),N*) does not fork over N . 

For i = just use "s has primes" . 

For i = j + 1 first choose pj G ^ s bs (iV*), a nonforking extension of pj = 

fj(tp s (aj, Nj, Nj + i)) and second choose N*,a* such that (N*,N*,a*) G Kg ,pr 
and tp s (a*, N*, N*) = pj (using "s has primes"), lastly choose fi D fj mapping aj 
to a* using the assumption (Nj, N, aj) G Kg ,pr and a*'s realizing pj). 
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For % limit take union. 
Having finished the induction without loss of generality each fa is the identity on 

Ni so j < a => a* = aj. So N a < s N* and N a < s N and tp(6*, N a , N*) does not 
fork over Nq (by clause (f)) and extend tp s (o, Nq, N); also tp(6, N a , N) satisfies this 
so as K s has amalgamation without loss of generality b = b* and for some N + G K s 
we have N < s N+ & N* < 5 N+ . 
Letting = N', N[ +i = N* we are done. 

2) As in II§6. ' D 5 . 5 

Some trivial properties are: 

5.6 Claim. 1) If {Mi : i < a) is < s -increasing continuous, and Ji is independent 
in (Mo, Mi, Mj + i) then U{Ji : i < a} is independent in (Mo, M Q ). 
2) If NF s (Mo, Mi, M2, M3) and J is independent in (Mo, Mi) then J zs indepen- 
dent in (M 2 ,M 3 ). // NF S (M , Mi, M 2 ,M 3 ),M < s M~ < 5 M 1 ,3 1 independent 
in (Mj~,Mi) and J 2 independent in (Mo, M 2 ) tnen Ji U J 2 is independent in 

(Mr,M 3 ). 

3j [Monotonicity] If J is independent in (M, A, N) and I C J, then I is independent 
in (M, A, N). 

4) If J is independent in (M U M 3 ,N) and M < s M £ < s M 3 for i = 1, 2 and 
c G J =>- tp s (c, Mi, A 7 ") does not fork over Mq, then J is independent in (Mo, M 2 , N). 

5) [s has primes]. Assume that NF s (Mo, Mi, M 2 , M 3 ) and (Mq^, aj : i < a,j < a) 
is a decomposition of M 2 over Mo. TTien we can /md Mg 1- satisfying M 3 < s Mg 1- 
ana 7 (M^, : i < a) such that Mi jCf < s Mg", (Mi iCn ai : i < a) is a decomposition of 
Mi ;Q , over Mi and tp(a^, Mi^, Mg ) does not fork over Mo ^. 

6) Similarly for uq- decompositions except that Mi < s Mi )0 fncd necessarily equal). 

7) The set {a} is ^-independent in (M, N) iff (M, N, a) G i\" 3 ' bs . 



Proof. 1) Should be clear (e.g., without loss of generality M i+ i is (A, *)-brimmed 
over Mi U Ji). 

2) The first phrase is 5.2(2). The second phrase by chasing arrows. 

3) Trivial. 

4) Easy by the nonforking calculus. 

5) As in the proof of the previous claim there is a sequence (Mi^ : i < a) and 
a < s -embedding f a of M 2 = M , a into Mi >a such that Mi )0 = M 1 , f \ M = 
id Mo and fi(M 0ji ) < s M^ and tp s (/(a;), M^, Mi )i+ i) does not fork over f(M 0ji ) 

and (Mi^Mi^+i,/^!^)) G AT s 3 ' pr (e.g., just choose M M , f t = f \ M , t by in- 
duction on i < a). As (M ,j, M 0ii +i, a,) G i\"f' pr also (/(M 0ji ), /(M ,i), a») be- 
longs to K s 3 ' pr hence to if s 3 ' uq hence NF S (/ (M 0)i ), /(M , i+ i), M M , Mi, i+1 ) hence 
by long transitivity NF(/(M , ), /(M , a ), Mi >0 , M M ). By the uniqueness of NF, 
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without loss of generality / the identity and for some M3 we have M 1)Q , < s M3 
and M 3 < s M 3 +. 

6) As in II§6. 

7) Trivial by the definitions. D 5 _q 

* * * 

5.7 Definition. 1) We say N is prime over M U J (for s), or (iV, M, J) G if 3,qr if: 

(a) M < s N in if A 
(6) J C I MjJV 

(c) if M < s A/ 7 , J' C Im,at' and J' is independent in (M, AT') and ft is a one to 
one mapping from J onto J' such that tp(a, M, AT) = tp(ft(a), M, A^) for 
every a G J, then there is a < s -embedding of iV into AT' over M extending 
ft. 

2) Let (M, N, J) G iff' bs means that M < s N and J is independent in (M, N) , (see 
5.2). 

Some basic properties are 

5.8 Claim. 1) [Assume s has primes.] If M < s N (in K\) and J C 1m, n is 

independent in (M, N), then there is N' < s N which is prime over MUJ. 

2) If J is independent in (M,N) and (M^aj : % < a, j < a) is an M -based pr- 
decomposition for 3 of (Mo, AT) (see Definition 5.7(2)), then M a is prime over 
M U J. 

3) (M, N, {a}) G if s 3 ' qr iff (M, N, a) G if s 3 ' pr . 

^ // (M, N, J) G if s 3 ' qr ondMUJCr < S ]V then (M, AT - , J) g if 3,qr . 

Proof. 1) By 5.4(1), (*) 6 , letting (a* : z < a) list J we can find Mj < s A" for 

i < a such that (Mj, aj : i < a 7 j < a) as in (*) 6 of 5.4. Now we can use part (2). 
2) Let Mo < B N* and a one-to-one function ft : J — > J' C Af* satisfying cG J4 
tp s (ft(c), M , AT*) = tp B (c, M , M Q ) and J' independent in (M , A 7 "*) be given. Let 
ft(aj) = Cj. We now define by induction on i < a a < s -embedding /j of Mj into 
N* , increasing continuous with % and mapping aj to Cj. For z = this is given, 
for i limit take union. For i = j + 1, we know that tp(cj, fj(Mj), AT*) does not 
fork over N = /o(M ) by 5.4(3) (because (Mj, Mj+i, aj) G if s 3,uq by 3.5(2)) and 
so as tp(cij, Mj, Ni) does not fork over M and /o[tp(aj, M , Mi)] = tp(cj, Nq, N{) 
clearly /j[tp(aj, Mj, M a )\ = tp(c J -, fj(Mj), N*). But (Mj, Mj+i, aj) G Kj' pr so we 
can find /j D /j as required. So f a is as required in Definition 5.7. 
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3) By the definition. 

4) Easy, like in 3.4(1). D 5 . 8 

* * * 

5.9 Claim. 1) If (Mo, Mi, J) G Kf ,qr hence J is independent in (M ,Mi) and 
No < s Ni, fo is an isomorphism from M onto N and {c a : a G J} is an indepen- 
dent set in (No, Ni) satisfying tp(c a , N , Ni) = /o[tp(a, M , Mi)] for a G J and o/ 
course (c a : a G J) no repetitions then there is a < s -embedding f of M\ into 

N\ extending fo and mapping each b G J to Cb- 

2) [Assume 5 has primes]. Assume (M ,Mi,J) G K s ' qT and M < s M 2 < s 
M 3 ,M < s Mi < s M 3 andJ is independent in (M ,M 2 ,M 3 ). 7%en NF S (M , M x , M 2 , M 3 ). 

Proof. 1) This just rephrases Definition 5.7. 

2) We are allowed to increase Mi,M 3 , i.e. if M 3 < 5 M' Z ,M[ < s M' Z ,M X < s M{ 
and (M ,M{,J) G K s 3 ' qr then we can replace M U M 3 by M[, M^. So by 5.8(2) 
amalgamation in £ s and the definition of primes without loss of generality we can 
find (MP, a,- : i < a,i < a) such that M$ = M , M° = Mi, MP is < s -increasing 
continuous, (M°, M° +1 , a;) G iff' pr C ifg' uq for i < a and (a t : i < a) list J with 
no repetitions. We now choose by induction on i < a, Mf, Mf such that: 

(a) Mf is < s -increasing continuous 
((3) Mf is < s -increasing continuous 

( 7 ) M 2 = M 2 ,M3 = M 3 

(S) Mf < s Mf < s Mf 

(e) (Mf,Mf +1 , ai )eK^ 

(C) tp s (a i5 Mf,Mf) does not fork over Mf 

(n) Mf < s Mf. 

Why is this enough? For each i we have (MP, Mf +1 , af) G Kg ,uq (by the choice of 

MP, MP +1 , a< we have (MP, MP +1 , a t ) G Kf' pv and use claim 3.5(2)). By this, [\600 

, §6], II.? and clauses (5), (s), (C) and the definition of Kf ,uq we have 

NF S (M°, MP +1 , Mf, Mf +1 ). By the symmetry property of NF S we have 

NF S (M°, Mf, Mf +1 , Mf +1 ). As this holds for every % < a and clauses (a) + ((3) by 

the long transitivity property of NF S (see [\600 , §6], II.? (1)) we get NF S (M °, M5 2 , M°, Ml), 

which means NF s (Mq, M 2 , Mi, Mff). Now by monotonicity we can replace Mf, first 

by Mf then by M 3 so we got NF S (M , M 2 , Mi, M 3 ) as required. 

Why is it possible to carry the induction? Having arrive to i the type tp s (a^, Mf, Mf) 
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does not fork over M by 5.4(3) and then we can find a M? +1 < s Mf +1 such that 
Mf < 5 Mf +1 and (Mf , M? +1 , Oi) G if|' pr '. Now by the definition of prime, there 
is a < s -embedding of M° +1 into Mf +1 over M° satisfying fi(ai) = at. Chasing 
arrows without loss of generality Mf +1 < s Mf. [J5.9 

5.10 Claim. Assume (Mi : i < 5 + 1) is < s -increasing continuous and J C 
Im s ,m s+1 ■ 

1) If | J | < cf(5) and J is independent in (Ms, M$+i) then for every i < 5 large 
enough, J is independent in (Mi, Ms, Ms+i). 

2) If J Q Im s ,m s+ i is independent in (Mi, Ms+i) for every i < 5, then J is inde- 
pendent in (Ms, Ms+i) . 

Discussion : At this point, if (Mj : i < a) is < s -increasing continuous M a < N,a G 
N, tp(a, M a , N) G y bs (M a ) does not fork over Mq we do not know if there is 
(Ni : i < a) which is < s -increasing continuous a G N , Mi < s iVj and (Mi, Ni,a) G 
Kg ' pr . So we go around this. This claim is used in 6.14. 

Proof. 1) For each c G J for some i c G 5, tp s (c, Ms, Ms+i) does not fork over Mj c 
let i(*) = sup{i c : c G J} and use 5.4(4). 

2) By 5.4(1) it suffices to deal with finite J, say J = {be : £ < n} with no repetitions. 
By the NF s -calculus there is a < s -increasing continuous sequence (M+ :i<6+l) 
such that NF s (M i7 M+, Mj, M+) for any % < j < 5 + 1 and M+ +1 is (A, *)-brimmed 
over Mj+iUM^ for i < 5 hence Mg~ is (A, *)-brimmed over Ms see 1.17. Hence there 
is a < s -embedding h of Ms+i into Mf over M5, so without loss of generality Ms+i < s 
Mf. As J is finite and Mf is the union of the < s -increasing sequence (Mf : i < 5) 
clearly for some i < 5 we have J C Mf hence "J is independent in (Mi,Mf). 
But NF(Mi,Mf,M s ,Mf) hence by Claim 5.3 we deduce "J is independent in 
(Mi, M 5 , Mf) hence in (Mi, M s , M s+1 ) as required. D 5A0 

5.11 Claim. Assume s = t + , t a successful \ t -good + frame, A = A^. 

Assume further Mi G K s and (M a : a < A) is a < ^-representation of Mi for 
£ = 1,2. 

If M < s Mi and J C 1m ,m 1 then : J is independent in (Mq, Mi) iff for a club 
of S < A the set J n M\j is independent in (Mo t s, Mi^s) (for t) iff for stationarily 
many 5 < A, J fl Mi^s is independent in (M Q> s, M\j) (for t). 



Proof. By 5.4(1), applied to s and to t without loss of generality J is finite. 
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Using (*) of Definition 5.2, the first clause implies the second clause (by the 
definition and 1.10) and trivially second implies third. So it suffices to assume 
the failure of the first and show the failure of the third. Let J = {ai : I < n} 
without repetitions. We can try to choose by induction on t a model M[ < s Mi 
such that M = M , (M' e , M' e+1 , a e ) G K^ pr , moreover is as constructed in 4.9(1) 
+ 4.3 and tp e (ai, M' e , G y^ s (M' e ) does not fork over Mq. We cannot succeed 
so for some m < n we have Mq, . . . , M' m as above but tp(a m , M m , N) forks over 
Mq. Rename M x as M' m+1 and let {M' la : a < A) be a < t -representation of M[ 
for i < m + 1 and M a = M°, M' m+1 = M\. Now by 4.13(1) for some club E of 
A, if 5 is from E and i < m then {M' t s , M' l+l s , ag) G Kg ,uq and a m G M' m+1 s and 
tp s (a m , M m>(5 , M m+ i j(5 ) forks over M 0)<5 while M m>(5 < t M m+ i )5 . By 5.4(3) for t we 
get {ci£ : t < m} C I Mo 5) M m s is not independent. So we have gotten the failure of 
the third clause. D5.11 

We can deal with dimension as in [Sh:c, Ch.III]. 

5.12 Definition. 1) Assume that M < s N and p G ^ bs (M), then we let 

dim(p, N) = Min{ | bold J \ :J satisfies 

(i) J is a subset of {c G iV : tp(c, M, N) is equal to p}, 

(ii) the triple (M, AT, J) belongs to K^> hs and 
(in) J is maximal under those restrictions}. 

We shall say more on dim after we understand regular types but for now ?? 

5.13 Claim. Assume M G K s and J is independent in (M, N*). 

1) Iftp(a,M,N*) G y hs (M), then for some finite J'CJ the set (J\J') U {a} is 
independent in (M, N*). 

2) If ae N* then for some finite J'CJ and M' we have: M U {a} C M' < s AT 
and J\J' is independent over (M, M') in A^*. 



Proof. 1) Let J = {a^ : z < a}, we prove the statement by induction on a. For 
a = 0, a successor this is trivial. For a limit < A + by the definition there is a < s - 
increasing continuous sequence (Mi : i < a) such that Mq — M, Mj < s N + , A^* < s 
and tp(a i} M,, M i+ i) G ^ s bs (Mi) does not fork over Mi. As in the proof of 
5.10(2) without loss of generality M a = N*. 
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Now for some (3 < a, a G Mp and by the induction hypothesis on a for some 
finite u C /3 we have {a^ : i G U {a} is independent in (M,Mp). Clearly 

by the Definition 5.2 the set {a^ : % G is independent in (M, M a ,Mp). By 

5.6(1) and the last two sentences ({a{ : i G /5\tt} U {a}) U ({a^ : z G is 
independent in (M, M a ) hence in (M, JV+) hence in (M, iV*) by 5.4(2). But the set 
is {cii : i G a\u} U {a} so we are done. 

2) Similar. Ds.13 

5.14 Claim. Assume that M < s N and p G ,y hs (M). Then any two sets J 
satisfying the demands (i) + (ii) from 5.15(2) have the same cardinality or are 
both finite. 



Proof. By 5.13. 

5.15 Definition. Let (M, N, J) G if s 3 ' vq means: 

(a) M < 5 N 

(b) J is independent in (M, AT) 

(c) if N < 5 M 3 ,M < s M 2 < 5 M 3 and J is independent in (M ,M 2 ,M 3 ) then 
NF S (M,M U N,M 3 ). 



So by 5.9(2) 

5.16 Claim. 1) If (M, N, J) G then (M, N, J) G K s 3 ' vq . 

If (Mi, Ni, Ji) G Kg ' qr /or i < 5,5 a limit ordinal < A+, Mj is < s -increasing, Ni 
is < s -increasing, Ji is ^-increasing then 

(a) (M 5 , N s , 3s) G K% ' qr w/ien we Ze£ M 5 = U{M; : i < 5}, N 5 = 
U{Ni :i<5},3 s = U{Ji :i<5} 

(b) for k<j< 5,NF 5 (M % , N % , M , Nj) 

(c) a<j<5isa limit ordinal then NF S ( (J Mi, (J Mi, Mj, Nj). 

i<ce i<8 



Proof. 1),2) Clauses (b),(c) hold by 5.9(2). 
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5.17 Claim, [s = t + ,t a successful good Xf frame, so X = X^~ and t satisfies 

Hypothesis 

Assume 

(a) (M* : a < X s ) is a < s -representation Mi G -£T S for £=1,2 
(6) Mi < s M 2 

(c) J C 1m 1 ,m 2 is independent in (Mi, M 2 ) and Ze£ J Q = J fl M 2 . 

T/ien (Mi,M 2 ,J) G if s 3 ' qr iff /or a c/«& o/ 5 < A s toe trip/e (M^M 2 , J a ) e if t 3 ' vq 
iff for stationarily many 5 < X s the triple (M^,M^, J a ) belongs to K^ ,vq . 



Proof. Like 4.9 we can prove "second implies first". The second implies the third 
trivially, the third implies the second by 5.16(2), clause (a). If the third fails, 
without loss of generality the failure is for every a < A+ in particular, J a ^ and 
without loss of generality M^ +1 is (A, *)-brimmed over M^ for a < A+, £ = 1, 2. 
By the definition of "(Mq 1 , M 2 , J ) G K t 3 ' vq " we can find N u N 2 such that: 

(*)i (a) Mq 1 < t JVi < t iV 2 
(6) M 2 < t iV 2 

(c) Jo is independent in (Mq 1 , N±, N 2 ) 

(d) -lNF t (Mq , Mq ,Ni,N 2 ). 

Without loss of generality 

(*) 2 Ni is (A, *) -brimmed over Mj in i 

Hence we can find (Nf : i < X) for £ = 1, 2 and (<Zj : z < A) such that 

(*)3 (a) (iV/ : i < A) is < t -increasing continuous 
(6) iV^ = M £ , iVj- = for £ = 1,2 

(c) AT/< s iV2 

(d) (N^Nf^eK 3 ™ 
(why? see II.?). 

Now by induction on % < X we choose (M^j, M 2)i , /j) and if z is a successor also 
such that 

(*)4 (a) (Mg 5 j : i < A) is < s -increasing continuous for £ = 1,2 
(6) M l5 ,< s M 2il 
(c) M A0 = M £ or£ = l,2 
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(d) (M elhi , M w , b t ) G Kt^ for i = 1 

(e) tp s (6i, M 2 j, M 2) i + i) does not fork over M 1; j 
(/) /j is a <£[ t ]-embedding of A^ 2 into M 2) j 

(g) fi maps iV/ into M^, and maps a 7 - to &j for j < i 

(/i) if j < i then /j(tp t (aj, Nj, Nj +1 )) is a witness for tp s (bj, Mij, mij + i). 

For % = this is trivial, for z limit take union. For % = j + 1, qj = /j(tpt, A"j-, A"/)) G 
<^t s (/j(j)) i s weu defined and so there is pj G J?^ (Mi^) such that qj witnesses it. 
Now use the existence of primes (?) for s to choose b^M\^ and as there we can 
choose fi. The rest should be clear. 

5.18 Claim. 1 ) If M < s M x < s N and J is independent in (M , N) and (M , M 1 , MiH 
J) G Ks' vq , then J\(Mi n J) is independent in (M , Mi, AT). 

£,) /s is successful] If J is independent in (Mo, Ao), t/ien we can /md (Mi, ATi) sitc/i 

(a) M < s Mi < s N U M < 5 N < 5 iVi 
(6) Mi is (A,*) -brimmed over M 

(c) iVi is (A, *)-brimmed over N 

(d) (Mi,ATi,J) eff 

(e) tp (c, Mi, iVi) does not /orfc over M /or every c G J so J is independent in 
(M ,Mi,ATi). 

[Similarly for towers?] 

Proof. 1) Let Ji = Mi n J and let it be {a^ : % < a}. As Ji is independent in 
(Mo, Mi) (by monotonicity 5.6(3)) by Theorem 5.4 we can find a < s -increasing 
continuous sequence (M^j : i < a) such that M < s Mi )0 ,Mi < s M 1>a and 
(M M , M 1>Q , 0i ) G AT s 3 ' uq and tp(a i} Mi,*, M M+i ) does not fork over M . 

By the existence of NF-amalgamation without loss of generality for some A^ + we 
have NF s (M 1 ,M ha ,N,N+). 

Now (Mi^ : i < a) witness then Ji = {a^ : i < a} is independent in (Mo, Mi 5 o, Mi )Q; ) 
so as (M ,Mi,Ji) G K s ,vq by the assumption of the claim definition we have 
NF S (M , Mi ]0 , Mi, M 1>a ). By the transitivity of NF we get NF S (M , M lfi , N, N+). 
So as J is independent in (Mo, AT) by Claim 5.3 we get that J is independent in 
(M ,Mi, a ,AT+). 

By 5.4(3) and the properties of (Mi^,aj : i < a,j < a) we can deduce that 
J\{aj : j < a} = J\Ji = J\(Mi n J) is independent in (M , M lj(X , N + ) hence by 
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monotonicity in (M , N) as required. 

2) We try to choose by induction on ( < A+, a pair (M£, N£) such that: 

(*)i (M( )t N( ) ) = (Mo t No) 

(*) 2 is < s -increasing continuous, 

(*)3 is < s -increasing continuous 

(*) 4 M' c < s N' C ,J is independent in (M ,M£,iV£) 

(*) 5 - NF s (M^,Mj +1 , iV£ +1 ) for C even 

(*) 6 M^ +1 is saturated over M£ and is saturated over if £ is odd. 

There are no problems in successor stages and for limit stages use 5.10(2). 

We necessarily (by §1) get stuck for some ( and (ML N^) can serve as (Mi, Ni). 

□s.18 
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§6 Orthogonality 

Note that presently the case "orthogonality = weak orthogonality" is the main 
one for us. In the latter part of the section "s has primes" is usually used and we 
shall later weaken this, but this is not a serious flaw here. 

6.1 Hypothesis. 1) s is a A-good + frame, weakly successful. 

6.2 Definition. 1) For p,q G =i^ s bs (M) we say that they are weakly orthogonal, 
p±q when: if (M, N, b) G K x ,nq and tp(6, M,N) = q then p has a unique extension 

wk 

in y s (N) equivalently, every extension of p in S^ S {N) does not fork over M; note: 
the order of p, q is seemingly important. (In the first order case the symmetry is 
essentially by the definition and here it will be proved). 

2) For p, q G y}" s (M) we say that they are strongly orthogonal, p_Lg or p_Lg if p±, q\ 

St 

are weakly orthogonal whenever M < s Mi and Pi,qi G =5^ (Mi) is a nonforking 
extension of p, q respectively. 

3) If p G y hs (M),q G y hs (N),M < s N orthogonality of p and q means p', q are 
orthogonal where p' G ,y^ s (N) is the unique nonforking extension of p. Similarly, 

if p e y^ s (N), q e y^ s (M). 

Naturally we now show that the definition is equivalent to some variants (e.g. for 
some such pair (AT, a) rather than all such (AT, a)). 

6.3 Claim. Assume thatp, q E Y^ S (M) and (M, N, b) G if|' uq and q = tp(6, M, N). 
Then p.Lq iff p has a unique extension in 5^ S {N). 

wk 

Proof. The implication =^ holds by the "every" in the definition. So assume p has 
a unique extension in y hs (N) and we shall prove p.Lq. 

wk 

So assume (M, iV 2 , b 2 ) G Ks' uq and tp s (6 2 , M, N 2 ) = q and let p 2 G ^ S (A^ 2 ) extend 
p. So there is iV + G -ftT s and a G iV + such that < s N + and a realizes p 2 in 
A^ + . As s is weakly successful, possibly replacing N + by a < s -extension, there is 
Ni < s N + such that (M,Ni,a) G i^f' uq and without loss of generality 6 2 = b (as 
N, N + are < s -extensions of M and b E N,b 2 £ N 2 < g N + realizes the same type 
so we can amalgamate) also without loss of generality < s N + . 

Now as a realizes p 2 in A^ + it also realizes p 2 \ M which is p so tp s (a, N, N + ) 
is an extension of p in y s (N) hence by our present assumption it does not fork 
over M. We can conclude by Claim 1.18 that NF S (M, N, N u AT+), but b G N, 
tp(b,M,N) G y^ s (M) hence by 1.12 tp(6, N\, N + ) does not fork over M. But 
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we have (N,N 2 ,b) E if s 3 ' uq hence NF S (M, N 2 , N u N+) from which (as a E N u 
tp(a, M, N + ) E y hs (M)) we deduce tp(a, N 2 , N + ) does not fork over M, but this 
last type is p 2 so we are done. D6.3 

6.4 Claim. 1) Assume (M, N, b) E if s 3 ' pr or just (M, N, b) E if s 3 ' uq and q = 
tp(6, M, N) and p E ^ s bs (M). 

1) If ' p is realized in N , then p, q are not orthogonal and even not weakly orthogonal. 

2) Let p,q E ,^{M). Then p ± q iff; for some a, N' we have N < s N', a E N' 

wk 

realizes p and {a, b} is not independent in (M, N') . 



Proof. 1) The type p has at least two extensions in ,y s (N): one algebraic, is 
tp s (a, N, N) where a E N realizes p and the second is in t 5^ s bs (iV), hence nonalge- 
braic, in fact a nonforking extension of p. So by 6.3 we have p ± q. 

wk 

2) Let (M, N, a) E Ks ,uq ,q = tp(a, M, N). If p ± q then by 6.3 there is p 1 E 

wk 

y s {N) extending p forking over M, and let a,N' be such that iV < s N' , and 
Pi = tp(a, N, N'); now by 5.4(3) we get {a, b} is not independent in (M,N'); so 
first phrase implies the second. If p.Lq then {a, b} is independent over M inside N' 
by the Definition 5.2. D6.4 

6.5 Definition. Fixing £ E K 5 , if p t E y^ s (M e ) and M t < m £ for £ = 1,2, 
then let pi||p2 ; in words p±,p 2 are parallel inside mean that for some M, p we 
have Mi U M 2 C M <^ [s] £ and M 2 E K 5 ,p E y hs (M) does not fork over and 
extend for £ = 1,2. 



Remark. If <^ [s] £ and p£ G ^ s bs (M^) for £ = 1,2 we can define when pi-Lp 2 
and prove the natural properties. Similarly for p±M defined in 6.9 below. 

Obvious properties of parallelism are 

6.6 Claim. 1) Parallelism inside (£ E K 5 is an equivalence relation. 
2) If M E K s , then on y s bs (M), parallelism is equality. 



Proof. Easy. 
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6.7 Claim. 1) Ifp,q G ,y^ s (M) and f as an isomorphism from M onto N then 
P-Lq <=>■ f(p) -Lf(q). Similarly for _L. 

wk wk 

2) tfp,q£ y^ s {M) then p±q <^> q±p. Similarly for _L. 

wk wk 

3) Assume that M,N G K s are brimmed (e.g. K s categorical). If M < s N, and 
p,qe y^ s (N) do not fork over M, then p±q-& (p \ M)_L wk (q \ M). 

wk 

4) Assume M,N G K s are brimmed. If PuPi G ^ s bs (M) and q u q 2 G y^ s (N) and 
M <£\ s } £, N <&\ s ] <£ and p\\\q\,p2\\q2 inside £ then Pi-Lp 2 9i-L?2- 

wk wk 

Hence pi±.p2 qi-Lq2 -^pi-Lp2- 

wk 

5) If {Mi, aj : i < a,j < a) is an Mo-basedpr-decomposition or just uq- decomposition 
of (Mio, M Q ) and p G ^ s bs (M ) is weakly orthogonal to tp s (a-,-, Mj, M J+ i) for every 
j < a then p has a unique extension in y s (M a ). 

6) Assume M < s Mi and p,q G y hs (Mi) does not fork over M . If p.Lq then 

wk 

(p\M )±(q\M ). 

wk 

7) If M < s N,N is universal over M,p,q G y hs (N) does not fork over M and 
P-Lq then p.Lq (hence (p \ M)±q). 

wk 

8) If {Mi : i < 5) is < s -increasing continuous; 5 < A+ and p,q G 5? (Mg) then 
P-Lq iff for every large enough i < 6,(p \ Mi) _L(p \ Mj). 

wk wk 



Proof. 1) Immediate. 

2) By 3.7 (alternatively follows from 6.4(2) + 5.4). 

3) By 2.11 there is an isomorphism / from M onto N such that f(p \ M) = p, f(g \ 
M) = q so the results holds by part (1). 

4) The first phrase follows by (3) and the definitions (using a third model (<#[ s ], €) 
extending M and N). The second phrase follows by the first and Definition 6.2(2). 

5) Let M a < s N and c G N realizes p. We prove by induction on f3 < a then 
tp(c, Mp, N) G S"**(Mp) does not fork over M . 

6) Assume toward contradiction (p \ M ) ± (q \ M ). So there are M < s Ni < s 

wk 

N 2 ,b G Ni realizes q \ M , (M , N u b) G K s 3 ' uq and a G N 2 realizes p \ M but 
tp(a, Ni, N2) forks over Nq. By our knowledge on NF without loss of generality for 
some N3 we have NF s (Mo, Mi, N2, N3) hence a, b realizes p, q in N3 respectively 
(see 1.12). By 5.6(4), if {a, 6} is independent in (Mi, N3) then {a, b} is independent 
in (M , #3). So Nf,N 3 ,a,b witness p±q by 6.4(2). 

wk 

7) Follows by part (6) . 

8) Easy. n 6 . 7 
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6.8 Claim. 1) If p,q E ^ s bs (Mi) does not fork over M where M < s M x then 
{p±q)^{p \M )±(q \M ). 

2) If p±q then p.Lq. 

wk 

3) Assume that (M a : a < 5) is ^-increasing continuous, 5 < X + limit ordinal and 
p,q E y hs (M$). Then pLq iff for every a < 5 large enough (p \ M a ) L(p \ M a ). 

wk wk 

Similarly _L. 

4) Ifpi,P2 e y* s (M) and q u q 2 E ^(N) and M < m €,N < m € and 
P1WQ11P2WQ2 inside <t then p\A.p2 qi-Lq2- 

5) If K s is categorical then _L, _L are equal. 

wk 

6) If M E K 5 is brimmed and p,q E Yg S (M) then p±q p±q. 



Proof. 1) The implication <= is by the definition. For the other direction assume p.Lq 
and Mq < s M 2 and p 2 , q 2 E y bs (M 2 ) are nonforking extensions of p \ M , q \ M 
respectively. Without loss of generality for some M3 we have M 2 < s M3, Mi < s M3 
and let P3,q3 E ,y hs (Ms) be nonforking extensions of p 2 ,q 2 respectively hence of 
p r Mo,q \ Mq respectively. As p.Lq we have ^3X^3 and by 6.7(6) also ^3 |~ 

wk 

M 2 )_L(q , 3 I" M 2 ) which means p 2 -Lq 2 , as required. 

wk wk 

2) Read the definitions. 

3) By 6.3 and 5.10. For the last phrase use the proof of part (1). 

4) By part (1). 

5) By (6). 

6) First assume -i(p±q) then by the definitions -<(p±q), the counterexample is M 

wk 

itself. 

Second, assume pLq and let N\ be such that M < s Ni and pi,q± E y hs (Ni) be 

wk 

nonforking extensions of p, q respectively; we shall prove pi-Lqi, this suffices for 

wk 

P-Lq hence finish the proof. Now there are N 2 ,p 2 ,q 2 such that N± < s N 2 ,N 2 is 
(A, *)-brimmed and p 2 , q 2 E ,y hs (N 2 ) are nonforking extensions of p, q respectively 
hence p 2 \ Ni = p±,q 2 \ N± = q\. By 6.7(4) we have (p-i~q) = (p 2 -Lq 2 ) so by our 

wk wk 

present assumption p 2 ±q 2 hence by 6.7(6) we have p\ i-^i so we are done. Dg.s 

wk wk 



6.9 Definition. Assuming M < s N and p E J^y s (AT), we let p±.M (p orthogonal 
to M) mean that: for any q, if q E ,y^ s (N) does not fork over M then pJ^q (but 
see 6.10(1) below). Similarly for _L. 

wk 
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6.10 Claim. 0) Automorphism of any £ G Ki x preserves p\\q,p-Lq,p-LM for x G 

— XX 

{wk,st}. 

1) IfM < s N e (< m <t), p £ G y^{N t ) for£ = 1, 2 and Pl \\p 2 then Pl ±M & p 2 ±M 
(so we can write p±N if for some p' G y bs (N') parallel to p, M < s N' & p'±N). 

X 

2) If (M a : a < 5) is < s -increasing continuous, p G y bs (N) where N <&[ 3 ] £, M§ < 
£ (so N G K s ) and a < 5 => p±M a then p±M s . 

3) If M < 5 Ni < 5 N and p e G ^ s {Ni) for £ = 1,2 and NF S (M, N U N 2 , N) and 
p 2 -LM then p 2 -i-Pi (hence p 2 J-Ni). 

4) If p G y bs (M 3 ),M < s M t < s M 3 for £ = 1,2, p does not fork over M 2 and 
pLM x then p \ M 2 ±M Q when x G {st,wk}. 



Proof. 0) Trivial. 

1) Just note that if q G y^ 8 (M), qi G (ATg) is a nonforking extension of q for 
£=1,2 then by 6.8(4) because by qi\\q 2 we have pi-Lqi 44> £»2-L<?2 and we are done. 

2) Easy by the local character (i.e., Axiom (E)(c) of good frames) and 6.8(3). 

3) By part (1) without loss of generality 

(*) N 2 is (A, *)-brimmed over M and M is brimmed. 

Also we can find (M n , N 2:U : n < uj) such that: NF s (M n , N 2 , n , M n+1 , N 2jU+1 ), M n+1 
is (A, *)-brimmed over M n , N 2>n+ i is (A, *)-brimmed over M n+ i U N 2j7l (by NF cal- 
culus). So (II.?) |J N 2 . n is (A, *)-brimmed over M n so by (*) above without 

n<ui n<ui 

loss of generality N 2>n = N 2 and M n = M. So for some k < 00 the type 

n<u> n<.u> 

p 2 does not fork over N 2jk . By the NF B calculus we have NF S (M/ C , N 2jk , Ni, N). 
Recall (£ is (A, *)-brimmed over N, so we can find an automorphism / of € such 
that / \ N 2 , k = id iV2 , fc ,/(iV 1 ) C M k+1 C M. Let p' x = /( Pl ) G ^(/i^i)) and 
let p" G ^ bs (M) be a nonforking extension of p[ as fi(Nx) < s M. Now pi'_Lp2 

as p 2 .LM, hence Pi±(p2 t M k ) by 6.8(4). By part (0) we have pi_L(p 2 t -^fc) and 
lastly pi±p 2 by 6.8(4). 

4) Easy. De.io 

Naturally, we would like to reduce orthogonality for 5 = t + , to orthogonality for t. 

6.11 Claim. Assume s = t + , t a successful Xt-good + frame, so A = X s = A+. 
Assume further Mi G K s and (M^ : a < A) is a <t-representation of M and for 
simplicity each M^ is brimmed (for t) and Mi < s <L S . 
0) For s we have _L = _L = _L. 

wk st 
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1) If Pl ,p 2 ey^(M ) then. A 

Pi-L s p2 iff for unboundedly many a < X we have (pi \ M^)_L t (P2 \ M°) iff for 

wk 

every large enough a < X, we have (pi \ M°)_L t (P2 \ M®). 

2) If M < 5 Mi < s M 2 and a G M 2 \M 1} then: tp s (a,M 1 ,M 2 ) G ^ s bs (Mi) and is 
orthogonal (for s) to M iff for a club of ordinals S < X we have tp t (a, Mf, Mf ) G 
=5*^ (Mf ) and is orthogonal (for t) to Mf iff for a stationary set of ordinals 5 < X 
we have tp to (a, Mf, Mf) G ^ t bs (Mf) and is l t M 5 °. 

5^ in part "for all but boundedly many 5 < X", "for unboundedly many 5 < X" 
can replace "club of 5 < X ", "stationarily many 5 < X " respectively. 

Proof. 0) By 6.8(5) and the definition of t + . 

1) Without loss of generality for every a < A, £ < 2 we have M° is t-brimmed and 
Pi \ M° G ^ t bs (M°) does not fork over Mq (and so pi \ M° is a witness for p^) 
hence by 6.8(4) for every a < X we have (pi \ M°)± t (p 2 f M°) <^> (pi f M#)± t (p2 f 
M °) and by 6.8(6) + transitivity of equivalence (pi f M°)± t (p 2 \ MS) <^ (pi f 

wk 

M°)± t (p 2 rM°)for a,/3<A. 

Case 1 : Assume that (pi f M#)± t (p 2 f Mq). 

As s has primes (by 4.9) , we can assume that Mq < s Mi < s M 2 , a\ G Mi\Mo, pi = 
tp s (ai, M , Mi) and (M , Mi, a x ) G iff' pr and a 2 G M 2 ,p 2 = tp s (a 2 , M , M 2 ) and 
it suffices to prove that tp s (a 2 , Mi, M 2 ) is a nonforking extension of p 2 . By 6.3 with- 
out loss of generality (M ,M l7 a) is as in 4.9(1), 4.3 i.e., is canonically prime. So 
for a club E of A, for every 5 £ E we have: 

(*) (M°, Mi, ai) G K t 3 ' uq and Mf < t M|, a 2 G Mf , tp t (a 2 , Mf, M|) is a non- 
forking extension of p 2 f Mq and tp t (ai, Mf , Mf ) is a nonforking extension 
ofpifM °. 

As we are assuming (pi |~ Mo)± t (p 2 \ Mq) hence (pi \ Mf)± t (p 2 f Mf) so we 
get by (*) and the definition of orthogonality that tp t (a 2 , Mf , M|) is a nonforking 
extension of tpt(a 2 , Mf , Mf ) hence it does not fork over Mo 1 . As this holds for every 
5 G E clearly Mq witness that tp s (a 2 , M 1? M 2 ) does not fork over M as required 
in this case. 

Case 2 : Assume that (p x \ M °) ± t (p 2 f Mq). 

We shall prove that pi ± p 2 . Let M < s Mi, ai G Mi, (M , Mi, ai) G Ks' pr (recall 
that 5 has primes being t+) and pi = tp s (ai, M , Mi) and so as t is successful, 



4 here we use "X?' uq is dense" in definition of _L 
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without loss of generality a < [5 < A+ NF S (M°, M*, M$, M lt p). By easy ma- 
nipulation there is q 2 G ^(Mq) extending p 2 \ Mq which fork over Mq. We 
can choose M^a 2 such that Mq < t M^a 2 G Mq and g 2 = tp t (a 2 , M^, M5 2 ). 
Now we can choose inductively f a ,M^, such that M^ is <t-increasing continuous, 
/ a is a <t-embedding of M* into M^, increasing continuous with a, /o = idM 2 , 
and a = (3 + 1 =^ NF t (M^, M|, M*, M*). No problem to do it and at the end 

without loss of generality /a = idMi an d let M2 = U{M^ : a < A}. Easily 

Qf<A s 

Mi,a±, M 2 ,a 2 exemplifies p\ ± p 2 ; that is by 1.12 for every a, tp t (a 2 , M°, M^) is 
a nonforking extension of tp t (a 2 , Mq, Mq) = p 2 \ Mq, hence tp s (a 2 , M , M 2 ) = p 2 . 
We conclude tp s (a 2 , Mi, M 2 ) extends p 2 but is not its nonforking extension in 
y s (Mi) as required for proving pi ± s p 2 . 

2) Without loss of generality a G Mq and for £ < 2, a < /3 < A we have 
NF t (M£, M^ +1 , Mj, M^ +1 ) hence M ° is a witness for p. Clearly tp s (a, M h M 2 )± S M 
iff for every q G ^ (Mo) we have tp s (a, Mi, M 2 )± s q iff for each a < A for every 
g G =i^ s (Mq) which does not fork over M^ we have tp s (a, Mi, M 2 )_L s g iff for 
each a < A for every g G ^ bs (M°), for every (3 G [a, A), the types p \ Ml is 
t-orthogonal to the nonforking extension of q in J^ t (Mg) iff for each 7 < A we 
have (p t J^ t bs (M}))± t M°. Thus we finish. 

3) By monotonicity and 1.16. D6.ii 
6.12 Claim. 1) Assume (M, N, a) G if s 3 ' uq . 

//MU{a} C N' < s N, b G iV\iV' and g = tp s (6, N', N) G ^ bs (AT') then q is weakly 
orthogonal to M . 

2) [s has primes.] Assume (M,N,a) G Kg' hs . We can find (Mj, : z < a) /or 
some a < X + , which is a pr- decomposition of N over M with ao = a, i.e., such 
that: 

(a) ao = a 
(6) M = M. 

(c) Mi < s N is < s -increasing continuous 

(d) tp s ( ai ,Mi,N) G^ bs (M,) 

(e) stipulating M a = N we have: 
(M^ M i+ i, a,) G K s 3 ' pr /or i < a. 

3) [s has primes]. In part (2) if also (M, N, a) G K^' uq and {Mi, a^ : i < a) is as 
there then we can add 



(/) if i > then tp s (aj, Mj, N) is weakly orthogonal to M. 
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4) If (M, N, J) G K*> uq and MU J C N' < s N and b G N\N' and q = tp s (b, N', N) G 
y hs (N') then q is weakly orthogonal to M . 



Proof. (1) If q ± M then for some c,N^~,r we have N < s N+,c G N+,r =: 

wk 

tp s (c, N', N^~) G =5^ ;(N') does not fork over M but {b, c} is not independent in 
(AT', iV + ) (or b = c). Possibly < s -increasing N + as tp(c, N', N + ) does not fork over 
M < s N', clearly there is M' such that M U {c} C M' and NF S (M, M' , N', N+). 
As a E N' and tp(a,AT') G y hs (M) this implies that tp(a,M',W+) g J^ bs (M') 
does not fork over M. As (M,N,a) G if s 3 ' uq it follows that NF S (M, AT, M', AT + ), 
and this implies that {6, c} is independent in (AT', N + ), by 5.6(2), contradicting the 
choice of c. 

2) This is 3.8(1). 

3) Follows by (part (2) and) part (1). 

4) Like part (1). D6.12 

6.13 Claim. 1) [s has primes]. Assume (M, AT, a) G K,' uq . Then we can find 
(Mi, en : i < a) such that: 

(a) - (d) as in 6.12(2) 

(f) as in 6.12(3) 

(g) a < X. 

2) If in addition s = i + , t is a successful \t-good + frame (so A = Xf) then we can 
add 



(h) for each i < a, for any ^-representations (M\ : e < (M* +1 : s < 

ofM % , M l+1 respectively, for a club of ordinals 5 < Xf we have (Mj, M l 5 +1 , a;) G 

K 3,uq 



Proof. 1) Exactly as in 3.8(5), i.e., in the proof of 3.8(1) use a bookkeeping in order 
to get clause (g). 

2) By 4.13(1). De.ia 

6.14 Claim, [s with primes.] Assume 

(a) NF B (M ,M +Mi,M 3 ) 

(b) J is independent in (Mi,Ms) 

(c) tp s (c, Mi, M3) is orthogonal to Mq for every c G J. 
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Then we can find M+ , Mg such that: 

(a) M 3 < s M 3 + 

(/3) Mi U M+ C M+ < s M 3 + 

(7) tp s (c, M+ , Mg 1 ") does not fork over Mi for c G J 

(5) J is independent 5 in (M-^Mg 1 "). 

Before we prove 6.14 note that: 

6.15 Conclusion, [s with primes.] If to the assumptions of 6.14 we add 

(d) (Mi, M 2 , J) G K s 3 ' qr or just (Mi, M 2 , J) G if s 3 ' vq and M 2 < s M 3 , 
then we can add to the conclusion (in fact follows from it): 

(e) NF s (Mi,M 2 ,M+,M+). 

Proof. By 6.14 and 5.9(2) or by the definition. 

Proof of 6. 14. We can find (M°, ai : i < a) which is a decomposition of Mq over Mo 
and stipulate M° = Mq". We can now choose by induction on i, (M/, /^) such that 
Ml G -ftT s is < s -increasing continuous, Mq = Mi, /o = idM , /i is an < s -embedding 
of M° into M/, increasing continuous with i and (M/, M/ +1 , /j +1 (a;)) G if 3 ' pr and 
tp s (/i_|-i(oi), M/, M/ +1 ) does not fork over fi(Mf). There is no problem to do this, 
(as in stage i = j + 1 first choose pi = fi(tp s (a i7 M°, M° +1 )) and then M/ +1 such 
that some hi G Mj+i realizes pi and as (M?, M? +1 , a^) G iff ' pr we can choose a 
embedding of M® +1 into M/ +1 extending fi and mapping a; to hi). As if 3 ' pr C if 3 ' uq 
and the definition of if s 3 ' uq easily NF 5 (/i(M°), / i+ i(M° +1 ), M/, M/ +1 ) hence by 
NF s -symmetry NF s (/ i (M l °), M/, / i+ i(M° +1 ), M/ +1 ) for every i hence by long tran- 
sitivity NF 6 (/o(M ), Mq 1 , / a (M°), Mi), and recalling f = id Mo , M ° = M , M* = 
Mi, M° = M+ this means NF S (M , Mi, / Q (M+), M*). But also we assume NF S (M , M 1? M + , M 3 ), 
hence by NF S uniqueness without loss of generality for some Mg 1 ", M 3 < s M 3 + , = 
id M o and Ml < 5 M+. 

For i < a for each c G J, note that tp s (c, Mi, M 3 ) is orthogonal to M (by a 
hypothesis). We prove by induction on i < a that J is independent over (Mi, M/) 
inside Mg 1 " and for every c G J, tp s (c, M/, Mg 1 ") (does not fork over Mq 1 = Mi 
and) is orthogonal to M°. For i = this is trivial for does not fork given for 

5 so (7) + (5) says that J is independent in (M\,M^ ,M^) 
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orthogonal. For i limit easy. For as tp s (aj, M/, M^) does not fork over M°, 

it is orthogonal to tp s (c, M/, Mg 1- ) for c G J hence JU {a;} is independent over M/. 
As (M/,M/ +1 ,aj) G Ks' pr we get tp s (c, M/ +1 , M 3 + ) does not fork over M/ hence 
over Mi. Let M+ be chosen as M\. 

By 6.17 below we are done. D6.14 



6.16 Remark. We can phrase the proof of (a) + (/?) as a subclaim. 

6.17 Claim, /s /ias primes.] Assume 

(a) M < s M e < s M s for £ = 1,2 

(b) (M 0) j, cii : i < a) is a decomposition of M 2 over M 

(c) J is independent in (Mo, Mi) 

(d) tp(c, M , Mi)±tp(ai, M 0)i , M 2 ) /or z < a and c G J. 
Then J z's independent in (M2, M3) moreovr in (Mo, M2, M3). 



Proof. We prove this by induction on |J|. 

By 5.4 without loss of generality J is finite and let J be {be : i < n} where 
n = |J|. If n = this is trivial and let (M^ : £ < n) be such that M ,o = 
M , M^ < s Mi and (M^ , M m , ^) G K s 3 ' pr , so tp(fy, M ,*, M 0/+1 ) does not fork 
over Mq hence is orthogonal to tp(a^, M ^, Mq^+i) for i < a. 

We choose by induction on £ < n, a sequence M^ = (M^, : i < a) and iV/ such 
that: 

iV * = M 3 

Mi is < s -increasing continuous 
M^o as above 

Mo t i as above hence Mo >a = M2 

tp(oi, M^, M <>i+ i) does not fork over M 0i < 

For I = this is clear. For £+1, tp(6^, M^ , M e+1>0 ) = tp(bt, M £fi , Njf) is orthog- 
onal to each tp(aj, M 0) i, My+i) = tp(aj, M 0) i, N£) hence to tp(aj, M^, N£) so by 
6.7(5) we deduce that tp(6/, M/, a , Nf) does not fork over M ij0 hence NF S (M ,^, M ^+i, M^ 
so by 5.6(5) we can choose Mg+i, N£ +1 . D6.17 

Below the restriction 7 < u may seem quite undesirable but it will be used as a 
stepping stone for better things. Note that in the proof of 6.18(1), clause (c) in 
the induction hypothesis on (M™ : i < a), primeness, is not proved to hold for 
{Mf : % < a), though enough is proved to finish the proof, this is why the proof 
does not naturally work for 7 > u. 
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6.18 Claim, [s has primes.] 

1) Assume 

(a) (Mp : j3 < 7) is < s -increasing continuous with 7 < u> 

(b) M < s M+ < s M 3 * and M 1 < s M 3 * 

(c) NF^Mo^^Mo^Mg*) 

(d) if < (3 < "f then (Mp, Mp + i,3p) G Kg' qr (so J/3 is independent in 
{Mp,Mp +1 ) 

(e) /or every /? G (0,7) and a G J/3 i/ie type tp s (a, Mp, Mp + i) is orthogonal to 
Mo- 

Then NF S (M , M 7 , M+, M 3 *). 

If (M/3 : (3 < 7), (J/3 : < (3 < 7) satisfy clauses (a), (d), (e) above and 
(M , Mi, J) G if s 3 ' vq tfien (M , M 7 , J) G if s 3,vq . 

Proof. 1) We choose (M°, aj : i < a,j < a), a decomposition of M^ over M (as in 
the proof of 6.14). Now by induction on n < 7, n < ui we choose N%, M n = (M™ : 
i < a) such that: 

(a) A^"o 3 = M 3 * and M° = (M° : z < a) 

(b) iV n 3 < s A^ +1 

(c) (M", aj : i < a,j < a) is a decomposition inside iV 3 over M n i.e., M^ = M n 

(d) M™ < s Mf +1 

(e) tp s (a,j, Mf, N%) does not fork over M°. 

For n = this is done. The step from n to n + 1 is by the first paragraph of the 
proof of 6.14 or 5.6(5), but for this we need to know that NF s (M n , M n+1 , M™, N*). 
First if n = this holds by clause (c) of the assumption as M^ = Mq 1 ". Second 
if n > then holds by clause (e) of 6.15 using 6.10(1). If 7 < a; we are done. 
So assume 7 = 0;, and let for z < a, M^ =: M™. Now for each i < a, and 

n<ui 

n<uwe have (see the proof of 6.14), NF S (M", M? +1 , Mf +1 , M^ 1 ), hence by long 
transitivity of NF S (see II.?) we have NF S (M°, M° +1 , Mf, M? +1 ). By symmetry we 
get NF e (M?,M?,M? +1 ,M? +1 ) for % < u. As (M° : i < a), (Mf : i < a) are < B - 
increasing continuous, by long transitivity of NF S we get NF s (Mq , Mq, M°, M„) 
which means NF S (M , M w , Mq 1 ", M£) so by using monotonicity twice we get 
NF S (M , M w , M +, M 3 *) as required. 

2) By definition 5.15, Claim 5.9(2) and the first part of the claim. Ekis 



We could have noted earlier 
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6.19 Claim. Assume pi = tp(aj, M, N) G =5^ (M) /or z < a are pairwise orthog- 
onal. Then {a^ : i < a} is independent in (M, N). 



Proof. By 5.4 and renaming it is enough to deal with finite a, (not really used). 
We now choose a pair (Mg, Ng) by induction on £ < a such that 

®(i) Mi < s Ng 
(ii) M = M,N = N 

(Hi) if m < £ then M m < s Mg and iV m < s Ng 
(iv) if £ = m + 1 then (M m , M*, a m ) G iff ,uq 
(u) tp(a m , M m , M m+ i) does not fork over M . 

For £ = this is trivial. For £ = m + 1, first we prove by induction on < m 
that = tp(a m , Mk, N m ) is the nonforking extension of p m in 6^(Mk), now for 
= this is trivial by the choice of p m and for k + 1 < m we use the assump- 
tion pk-Lpm and (Mfc, Mf~+i, ajt) G K|' uq noting that by the induction hypothe- 
sis on k, tp(a m , Mk, N m ) is a non-forking extension of p n and by clause (v) for 
k, tp s (ofc, Mk, M n ) is a no n- forking extension of pk- 

Second, as s is weakly successful there are b m , M t * such that (M m , M£, b m ) G Kg ,uq 
and tp s (b m , M m , M%) = p m . By the definition of types and as K s has amalgama- 
tion by renaming there is Ng such that Mg < s Ng,N m < s Ng and b m = a m . So 
we can define (Mg, Ng) for £ < n as in ©. By the definition of independents we are 
done. 

1^6.19 

6.20 Claim. If pi G ,y hs (M) for i < a are pairwise orthogonal and q ± pi for 
i < a then a < u>. 



Proof. By 5.13 and 6.19. That is assume a > u>, let q = tp s (6, M, N ) and we can 
find N n (n < u) <^-increasing and a n +i G iV n _|_i reazling p n such that {b,a n } is 
not independent. By 6.19, {a n : n < u} is independent in N^ = U{N n : n < uj} 
and so by 5.13, we get a contradiction. 06.20 

6.21 Claim, [s has primes]. Assume that (M , M\, J) G K^ vq and (M 1 ,M 2 ,a) G 
Kg ,pr or just G Kg ,uq and tp (a,Mi,M 2 ) is orthogonal to M . 
Then (M ,M 2 , J) G K^ vq . 
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Proof. Assume M < s N < s N 2 ,M 2 < s N 2 such that J is independent in 
(M , N , N 2 ) and we should prove that NF S (M , jV , M 2 , N 2 ), this suffices. 

We can find a decomposition (Mq^, cli : i < a) of (Mo, No). By 6.17 we can find 
N£ and an < s -increasing continuous (M^ : i < a) such that N 2 < s N^Mq^ < s 
Mi j stipulating M 0)Q , = N and Mi = Mi, tp(aj, M^j, N + ) does not fork over 
M 0; i and (Mi^, Mi^+i, ai) G K|' pr . Now we prove by induction on i < a that 
tp(6, iV M , N+) does not fork over Mi = M lj0 . As usual NF(M , Mi, M 0ji , M M ) 
for i < a. For i = trivial for z limit by Axiom (E)(h) and for i = j + 1 just 
note that by 6.10 tp(6, Mi )0 , N 2 ) = tp(6, Mi,M 2 ) is orthogonal to M 0ji hence 
tp(aj, M 0; i, M 0) j+i) hence to tp(aj, Mi^, Mi )i+ i). So tp(6, Mi jCn iVj ) does not fork 
over Mi = M , a and (Mi, M 2 , a) G Ks' uq so NF s (Mi, M lj0[ , M 2 , AT+). By transitiv- 
ity of NF we have NF S (M , N , M 2 , A^) hence NF S (M , N , M 2 , A3) is as required. 

□6.21 
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§7 Understanding Kg ,vq - 

We would like to show that Kg ' vq = Kg ,qr and K s ' pr = Kg ' uq and more remember- 
ing that every M e K s is saturated. 

The hypothesis below holds if t is successful, s = t 6 is successful. 

7.1 Hypothesis. 

(a) 8 is a A-good frame 

(b) s is successful 

(c) s has primes 

(d) JL = _L 

wk 

In the definition below note that our aim is to analyze (M, iV, Jo) so Jo has a special 
role. 

7.2 Definition. 1) #^ = {(N, M, J) : M = (Mi : i < a) is < s -increasing continu- 
ous, Mi < s N and J = (Jj : z < a) and J^ is independent in (Mi, Mj+i) stipulating 
M a = N and we let 

^= u ^ 

a<A+ 

2) <^=<^[ s ] is the following two place relation on W: 

(N 1 , M\ J 1 ) < W {N 2 , M 2 , J 2 ) iff (a) + (6) where 

(a) iV 1 < s iV 2 , igiM 1 ) < £g(M 2 ), i < ^(M 1 ) M\ < s M 2 & jj C J 2 and 

(b) a E J] =>• tp s (a, M 2 , M 2 +1 ) does not fork over M/ 

3) <^ is defined like <^ but also J 1 = J 2 (so ^(M 1 ) = £g(M 2 ) in particular). 



6 where do we use successful rather than weakly successful? E.g. in 7.3(3). This can be 
somewhat weakened: replacing a club of a member of a normal filter on A^~ 
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7.3 Claim. 1) <■%/ is a partial order. 

2) If 5 < A+ is a limit ordinal and ((iV a , M a , J a ) : a < 5) is <w -increasing, then 
this sequence has a <^-lub (AT, M, J), with £g(M) = sup{£g(M a ) : a < 5},N = 
U{N a : a < 5}, M t = U{M? : a satisfies that i < £g(M a ) and a < 5}, J* = U{Jf : 
a satisfies that i < £g(M a ) and a < 5}. 

3) If (AT 1 , M 1 , J 1 ) G W a then for some (N 2 , M 2 , J 2 ) we have 

(a) {N\M\y) <% (iV 2 ,M 2 ,J 2 ) 

(J3) (M 2 , M 2 +1 , J 2 ) G K s 3 ' vq for each i < £g(M) 

( 7 ) N 2 = U{M 2 : % < £g(M 2 )}. 

Proof. Straight: part (1) is trivial, part (2) holds by 5.10(2), and part (3) is proved 
repeating in the proof of 5.18(2) but using part (2) here. D7.3 

We are interested in "nice" such sequences; we define several variants. 

7.4 Definition. 1) Kf = {(AT, M, J) G if a G J n+1 then tp B (a, M n+1 , M n+2 ) 
is orthogonal to M }, if we omit A" we mean A" = U{M n : n < uj}. 

2) Kf = {(AT, M, J) G W w : if a G J n+1 then tp s (a, M n+1 , M n+2 ) is orthogonal to 
M n }. 

3) .Kr br = {(A^, M, J) G -ftT° r : if 6 G J n+ i then for some m = m(b) < n we have 
tp(6, M n+ i, M n+2 ) does not fork over M m+ i and is orthogonal to M m }. 

4) We say that (AT, M, J) is Kf-full if it belongs to and 7 p±M & p G 

wk 

^ bs (M n+ i) =*> X 5 = \{c G J n+ i : p = tp s (c, M n+ i, M n+2 )}| and A" = U{M n : n < 
a;}. 

5) We say that (AT, M, J) is Iff -full if it G and p G J^ bs (M n+1 ) & p±M n =>> 

wk 

A s = |{cG J n+ i :p = _tp s (c,M n+1 ,M n+2 )}| and A" = U{M n : n < uj}. 

6) We say that (AT, M, J) is if br -full if it G K br and p G ^ bs (M n+1 ) & p 
does not fork over M m+ i & p_LM m =>- A s = |{c G J n +i : c realizes p}| and 

wk 

N = U{M n : n < uj}. 

7) < or =<or i s the following two place relation over K° r : 

(A^M 1 , J 1 ) < or (N 2 ,M 2 ,J 2 ) iff (A^M 1 , J 1 ) <^ (N 2 ,M 2 , J 2 ) and 

T 1 - T 2 

8) We say that (AT, M, J) g W is prime if (M n , M n+1 , J n ) G K s 3 ' qr for n < £g(M). 



Note that on Jo there are no demands 
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7.5 Definition. We say s has enough regulars when: for any M = {M a : a < 5 + 1) 
which is < s -increasing continuous, Ms+i ^ Ms, there are a < 5 and c G M$+i such 
that tp s (c, M s , M s+1 ) G y^ s (M s ) does not fork over M a and a = or a = (3 + 1 k 
p+Mp for some (3. 



Remark. If we are dealing with Sj. A , see 1.5(3), then using regular types this 
property holds. 

7.6 Claim. 1) Kf C Kf C K° r . 

or is a partial order on Kf ; for an < or -increasing sequence of length < Xf it 
/ms a < OT -lub which is a <^-lub. 

3) If (N a ,M a ,3 a ) G Kf for a < 5 < X+ is < or -increasing, then its <^-lub (see 
7.2) is its < or -lub (so it belongs to Kf). 

4) In part (2) if (iV a ,M a , J a ) G Kf for a < 5 is < or -increasing then the < or -lub 
belongs to Kf. 

5) In part (2) if (N a , M a , J a ) G for a < 5 is < or -increasing, then the < or -lub 
(of this sequence) belongs to Kf. 

6) If (A^ 1 , M 1 , J 1 ) G K° r then there is a Kf -full (N 2 , M 2 , J 2 ) such that (N 1 , M 1 , J 1 ) <, 
(iV 2 ,M 2 , J 2 ). 

7) If(N 1 ,M 1 ,3 1 ) G then there is a Kf -full (N 2 , M 2 , J 2 ) such that (N 1 , M 1 , J 1 ) <, 
(iV 2 ,M 2 ,J 2 ). 

8) If(N\M 1 , J 1 ) G Kf thentheretsaKf-full(N 2 ,M 2 ,3 2 ) such that (N 1 , M 1 , J 1 ) < 
(iV 2 ,M 2 , J 2 ). 

5; Li/ce parte (5j for Kf -full, Kf -full, Kf -full triples. 



Proof. Straight (for (9) use the local character of non-forking. 

7.7 Claim. 1) Assume that (M,N,J) G Kg ,vq or at least (*)(m,n,j) below. Then 
we can find (M, J) such that (**)(m,at,o),m,j below holds, where 

(*)(m,n,j) (M, N, J) G K^ hs and for no N', b do we have J C N', M < s N' < s N, 
b G N\N' and tp(6, N', N) + M 

wk 

(**W,j),m,j (a) (M, iV, J) G K s 3 ' bs 

(6) M = (M n :n< u), M n < s M n+1 

(c) M = M and U{M n : n < uj} = N 

(d) (M,3)EKf 

(e) (M n ,M n+1 ,J n ) GK s 3 ' qr 
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(/) Jo=J 

(g) if n < ui and b G J n +i then tp(6, M n , M n+ i) 1M (follows by 

wk 

(clause (d)). 

2) If M < s N we can find M, J such that (a)-(e),(g) above holds. 



Proof. 1) By 6.12(4), we know that (*)(m,n,j) holds in both cases. 

We shall choose M n , J n by induction on n satisfying the relevant clauses in (**). 
Let M = M, let J = J and let M x < s N be such that (M , Mi, J) G K% ' qr , exists 
by 5.8(1). If M n < s N is well defined, n > 1 let J n be a maximal subset of Im„,jv 
independent in (M n , AT) such that b G J n =>• tp a (6, M n , AT)±M . 

Lastly, let M n+1 < s N be such that (M n ,M n+1 ,3 n ) G iff' qr , exists by 5.8(1). 
To finish we need to prove that M u =: M n is equal to N. Clearly M w < s N, 

n<ui 

if M^ 7^ N then for some 6 G iV\M w we have tp B (6, M w , JV) G ^ bs (M w ), by 
(*)(m,jv,j) clearly tp(6, M u , N)±M and clearly for some n < u>, tp s (6, M w , AT) does 
not fork over M n (and necessarily n > 1), and similarly we have tp(6, M n , AT) _LMo 

wk 

so 6 contradicts the choice of J n (as maximal such that ...). So we are done. 

2) Should be clear. O7.7 

7.8 Claim, /s /10s enough regulars]. 

1) In 7.7 we can get 

(**)( h M,iv,j),M,j (a)-(f) as in 7.7 

(g) + (M, J) G -?Q r fie. u>e strengthen clause (d)). 

2) In 7.9 below we can add 

(B)+ like (B) adding (AT,M, J) G Kf. 



Proof. 1) Similar to 7.7 using the definition of "s has enough regulars". 

2) In 7.9 note that (C) =>• by 7.8(1) and =>• (S) trivially. D 7 . 

Now we arrive to "understanding j^|' vq " . 

7.5 Conclusion. For every triple (M, AT, J), the following are equivalent: 
(A) (M, N, J) G K^ vq 
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(B) We can find M, J such that (AT, M, J) G Kf, J = J, M = M,N = [j M n 

n<ui 

and (M n , M n+ i,3 n ) G K a ' qT (we then say (AT, M, J) is prime), note that 
necessarily tp s (6, M n+ i, M n+2 ) is orthogonal to M for every n < ou,b G 
Jn+i 

(C) (a) M< s iV 

(b) 3 is independent in (M, AT) 

(c) ifMUJC AT' < s AT and 6 G N\N' and tp s (6, AT', AT) G ^ s bs (A^') 

then tp B (6, N',N)±M 

(£)) (a), (6) as above 

(c) if N < s AT+, b G N+\M\J and JU{6} is independent in (M, AT+) 
then tp s (6, AT, AT+) G ^ s bs (AT) does not fork over M 

(E) there is a uq-decomposition (Mj,Oj : z < a,j < a) of (Mo, N) such that 
(M,M ,J) G AT s 3 ' vq , M Q = N and each tp s (aj, Mj, M J+1 ) is orthogonal to 
M. 

From this we shall deduce (after the proof of 7.9): 

7.10 Conclusion, [s = t + , t is a good" 1 " and successful frame.] 

1) Kg ,uq = Kg ,pr ; so together with 4.13(2) we get uniqueness. 

2) (M, AT, J) g AT s 3 ' qr iff (M, AT, J) g AT 3 ' vq ; so together with 5.10(k) we get unique- 
ness. 

7.11 Claim. If 5 < X£ and (Mi : i < 5) is < s -increasing continuous, and (Jj : 
i < 5) is increasing continuous and (M, Mj, Jj) belongs to Kg ,vq for i < 5, then 
(M,M s ,3s) belongs to AT 3 ' vq . 

Question : Can we assume less than s = t + ? 

Proof of 7.9. The following implications clearly suffice. 
(A) =» (E) : Let a = 0, M = N. 

(E) =>- (D) : Clauses (a), (b) are obvious, so let us turn to (c). Assume b, N + are 
as in clause (c) of (D), so by Claim 5.18(1) we know that tp s (6, Mo, A^ + ) does not 
fork over M; now we prove by induction on i < a that tp(6, Mj, N + ) does not fork 
over M, for i = see above, for i limit use Axiom (E)(h), for i successor by the 
definition of orthogonality. For i = a, M a = N. So we are done. 

(C) =» (B) : by 7.7 
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(B) =» (A) : by 6.18(2) 

(A) =>- (D) : Clauses (a), (b) are obvious. For clause (c), as tp s (6, M, A + ) G 
^ s bs (M), there is M' < 5 A+ such that (M, M', 6) G Ag' pr (recalling 5 has primes). 
By 5.4 we know J is independent over (M, M',A + ) hence by Definition 5.15, we 
have NF S (M, M', A, A + ) hence 1.12) we get that tp s (6, A, N + ) G y bs (N) does 
not fork over M as required. (Actually not used). 

Again the problem is to prove clause (c) of (C) so toward contradiction assume 
that M U J C N' < s A and b G N\N' and p = tp s (b', A', A) G ^ bs (A') is not 
orthogonal to M hence by Hypothesis 6.18(d) is not weakly orthogonal to M. So for 
some q G y^ s (M) we have p±q, and let qi G y^ s (N') be a nonforking extension of 
q. We can find A 2 such that N' U {b} <^ N 2 < s N and (N r , N 2 , b) G K^' pr . So (see 
6.3) q± has some extension q 2 G ,y^ s (N 2 ) which is not a nonforking extension of q, 
and so we can find N4 and c such that < s A 4 and q 2 = tp s (c, N 2 , A 4 ). Now as c 
realizes clearly tp s (c, A', A) does not fork over M hence J U {c} is independent 
in (M, A 4 ); but as c realizes q 2 clearly tp s (c, A 2 , A4) does not fork over M, hene as 
N 2 < s N < s N also tp s (c, A, A 4 ) forks over M. So we have gotten a contradiction 
to clause (c) of (D). ^7.9 



Proof of 7.10. 1) This is a special case of (2). 

2) The "only" if implication we already proved in 3.5(2), more exactly 5.16. For 
the other direction assume (M, A, J) G A s 3 ' vq and by 7.7(1) applied to (M, A, J) 
we get (M, J) satisfying (**)(m,jv,j),m,j °f 7.7(1) hence it is as in clause (B) of 
7.9 in particular J = J. Let (Alf : i < X 5 ) be ^-representations of Mp for 
(3 < oj. Now by 5.17 there is a club E of A s = such that for 5 G E, ((Mf : 
(3 < uj), (J n fl M^ +1 : n < a;)) are as in 7.9 clause (B) for t, hence clause (A) so 
(M 5 , JnMg) G A t 3 ' vq , hence (see 4.9 as M , M u G K s , more exactly by 4.12(1) 
if J is a singleton, by 5.17 in general) the triple (Mq,M u , J) belongs to A|' qr , as 
required. D7.10 



Proof of 7.11. It is enough to check clause (D) of 7.9, now clause (a) is trivial, clause 
(b) holds by 5.4(3). For proving clause (c) we assume Ms < s A + ,c G A + \J\M 
and J U {b} is independent in (M, A + ), and we should prove that "tp s (c, Ms, A) 
belongs to ,y^ s (Ms) and does not fork over M". Now clearly for each i < S the 
set Ji U {6} is independent in (M, A + ) by monotonicity of independence. Hence 
by 7.9 (A) (D) as we are assuming (M, M$, Jj) G A g ' vq we can conclude that 
tp s (c, Mj, A) G ^ s bs (Mi) does not fork over M; so this holds for every z < 5. Now 
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tp s (c, Alg, N + ) does not fork over M by Axiom (E)(h). 

□7.11 



We now try to show that there is a parallel to universal homogeneous or saturated 
among {{M, A, a) G if s 3 ' uq : tp s (a, M, A) = p} 

7.12 Definition. 1) If M G K s ,pE J^ bs (M) let K*£ q = {(M*, A*, a*) G if s 3 ' uq : 
M = M* and p = tp s (a, M, A)}, we identify (M, A, a) with (M, A, {a}) and recall 
M* = Dom(p*). 

2) We say (M, A, J) G K 3 ' vq is full or is if s 3 ' vq -full if there is a full (A, M, J) G if s 3 ' or 
satisfying M = M, U{M n : n < uj} = A . If J = {a} we may write a instead of J 
and say (M, A, J) is if 3 ' uq -full and if p = tp(a, M, A) we say (M, A, J) is if s 3 £ q - 
full. 

7.13 Claim. ij // (M, A, a) G if 3 £ q and (A 1 , M 1 , J) Kf -full, J = {a*}, 
{M^,M\,a*) G ifj£? and M = M$ then there is a < e - embedding f of A into 
A 1 = U{M* : n < uj} over M mapping a to a* . 

2) If(N l , M e , 3 l ) is a Kf-full and prime (see 7.9, clause (B)), J £ = {a £ }, tp s (a e , M$, M[) = 
p fori = 1, 2 (so Mq = Dom(p) does not depend on i) then there is an isomorphism 

f from A 1 onto A 2 over Dom(p) which maps a± to ai- 

3) Similar to (2) with Jq = J, Mq = M and tp s (c, M \ M{) = tpo(c, M 2 , Mf) /or 
ce J for £ = 1,2. 

4) If (M, A, J) G if s 3 ' vq and (A 1 , M 1 , J 1 ) is if° r -M and ^ = Jq and c G J =>- 
tp s (c, M, A) = tp s (c, Mq, A 1 ) t/ien there is an embedding of A mto U{M^ : n < uj} 
which is the identity on M U J. 



7.14 Remark. In 7.13 we can allow stronger demands on /. In part (1) if MU{a} C 
A' < s A, /' a <^-embedding of A' into M*, f C id M , f'{a) = a*, then we can 
require /' C /. 

In part (2) of 7.13, if Mq U {a^>} C M £ ' < M^ for £ = 1,2, /' an isomorphism from 
M[ onto M2 extending idDom(p) U {(02, 02)} then we can require /' C /. 

Proo/. 1) By 7.9 (A) =^ (S), we can find (A, M, J) G iff with M = M, J = {a}, 
as in 7.9, clause (B). Now we choose by induction on n < uj a < s -embedding f n of 
M n into M^ increasing with n, fo = idM ?/i( a ) = a * ■ For n = this is trivial, 
for n = 1 note that tp s (a, M, M\) = tp s (a*, M, M*) and recall the definition of 
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(M, Mi, a) G Kl' v \ For n = m + 1 > 1, by the definition of " full " in 7.4(4) we can 
find a one-to-one mapping /i m from J m into such that 

{%) b G J m =>• tp B (/i m (6), M^,M^ +1 ) does not fork over Rang(/ m ) 
(ii) 6 G J m =>• / m (tp B (6,M m ,M m+ i)) = tp s (/i m (6), Rang(/ m ),M^ +1 ). 

Then choose f n D f m , f m (c) = h m (c) for c G J m by the definition of (M m , M m+1 , J m ) G 
K 3 ' qr . 

2) We choose by induction on n a tuple (AT*, A^, / n , I*) such that (with £ G {1, 2}): 

(a) Ni < s Mi 

(b) f n is an isomorphism from AT* onto N% 

(c) A^ < s < +1 and / n C / n+1 

(d) = Mq and f is the identity 

(e) (iVo 1 , ATI, J) G K s 3 ' qr and frM = a 2 

(f) ifn = £ mod 2 (where £ G {1, 2}) then 

(a) I n is a maximal subset of {b G I N ^ jM e : tp(6, AT^, M^)_LMo} 

(/?) (^,^+l,Jn)GK s 3 ' qr 

(7)1 if I = 1, fn+i \ In is a one-to-one mapping from I n into J n+ i 
(7)2 if £ = 2, f I n is a one-to-one mapping from I n into J n+ i- 



There is no problem to carry the induction and / = f n is as required as in the 

n<ui 

proof of 7.7. 

3), 4) Similarly. D7.13 

7.15 Claim, ij If(M, N e , a) G AT s 3 'p q is full fori = 1,2 then N u N 2 are isomorphic 
over M U {a}. 

2) Similarly for Ks ,vq . 

3) If (M, AT, J) G AT s 3 ' bs t/ien /or some N' < 5 N" we have J C N' and N < 5 N" 
and (M, AT', J) is K*' vq -full. 



Proof. By the proof of 7.13(2) (note that under somewhat stronger assumption in 
7.10 we get uniqueness even without assuming fullness). EI7.15 
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7.16 Claim. 1) Assume (Mj,ATj,Jj) £ ATg' vq for i < 5 where 6 < A+ and i < 
j < S & c G J, 4 tp s (c, Mj, Nj) does not fork over Mi. Assume further that 
(Mi : i < 5) is < s -increasing continuous, (Ni : i < 5) is ^-increasing continuous 
and (Jj : i < 5) is ^-increasing. Let Ms = U{Mj : i < 5}, N$ = U{Ni : i < 5} and 
3s = U{J, : % < 5}. Then (M d ,N d ,J s ) £ AT s 3 ' vq . 

Proof. Note that Js is independent in (Ms, Ns). 

[Why? For each i < j < S as Jj is independent in (Mj,Nj), but Ji C Jj hence 
also Ji is independent in (Mj,Nj). However, c G J, 4 tp s (c, Mj, Nj) does not 
fork over Mj, hence Ji is independnet in (Mi, Mj, Nj), so as Nj < s Ns, clearly 
Ji is independent in (M i7 Mj, Ns). As fixing i < 5 this holds for every j £ (i,8) 
and as (Mj : j £ is increasing by 5.10 as get that Ji is independent in 

(M^ |J Mj, ATj) which means that it is independent in (Mi, Ms, Ns). So Jj is 
je(i,s) 

independent in (Ms, Ns). As Ji is increasing with % < 5 by 5.4(3), J<5 = U{Jj : z < 
5} is independent in (Ms, Ns) as required.] 

We shall use Claim 7.9, our desired conclusion is clause (A) for (Ms, N$,Js) so 
it is enough to check clause (D). So let Ms < s N^~,b £ M+yj^Mj and assume 
that Js U {6} is independent in (M s , N^~). So tp(6, Ms, N^~) £ ^ s bs hence for some 
i(*) < 5 the type tp(6, Ms, N$) does not fork over M t uy It is enough to prove that 
for every % £ [i(*), 5), the type tp(6, Ni, N^~) £ y^ s (Ni) does not fork over Mi (as 
then the nonforking extension q £ y^ s (Ns) of tp(6, Mj, N$~) satisfies i £ 6) =>- 
Q \ Ni = tp(6, ATj, N$~)). As J, U {6} CJ^U {5} and c £ J, U {&} ^ tp(c, M 5 , AT+) 
does not fork over Aj it follows that Ji U {6} is independent in (Mi, Ms, Ni). As 
(Mj, ATj, Jj) £ K^ vq and 7.9 clearly tp(b, ATj, Ng~) does not fork over Mj, and as 
said earlier this suffices. 

D7.16 

7.17 Claim. Assume (Mi : i < a) is < s -increasing continuous and (Mi, Mj+i, Jj) £ 
Ar|' vq and Jj is independent in (Mo, Mj, Mj + i). Then (Mo,M a ,U{Jj : i < a}) £ 

Proof. We prove the statement by induction on a. Let J = U{Jj : i < a}. First note 
that J is independent in (M , M Q ) by 5.16[??]. To prove that (M , M a , J) £ AT|' vq 
by 7.11 it suffices to prove clause (D) there, so assume M a < s N and b £ N\J\M 
and J U {&} is independent in (Mq,N). If a = this is trivial. For a limit it 
is enough to show for every i < a that tp(6, Mj,AT). But each i < a, clearly 
{Jj : j < 1} U {6} is independent in (Mo, A^ + ) hence by the induction hypothesis 



76 



S AHARON SHELAH 



and 7.9 we know that tp(6, Mj,AT) does not fork over Mf, as this holds for every 
i < a, we can deduce that tp(6, M a , N) does not fork over M as required. 
So we are left with the case a = (3 + 1. So J U {6} is independent in (Mo, AT) 
and clearly (J U {6}) fl Mp = U{Ji : z < /?}, so by part 5.18(1) we know that 
J U {b}\Mf3 = J/3 U {6} is independent in (M , M/j, iV). As (Mp, M a , J/s) G K|' vq 
by 5.18(1), tp(6, M a , N) does not fork over Mp hence over M . Ds.is 
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§8 Tries to decompose and independence of sequences of models 



We try to find smooth or otherwise good decompositions; at present only 8.3 
works. We shall get really what we want after using fullness + regular types. This 
assumption having ,5^ na equal to y bs , i.e., fullness is "soft", see §9. 

8.1 Hypothesis. 



(a) s is a successful good" 1 " frame, 

(b) s has primes, 

(c) iif uq = iif pr , moreover iif vq = Kf and 



(d) JL = _1_ 

wk 

The last hypothesis is reasonable by the last section and also by 8.5? below, but in 
some examples it holds without going to a successor, so we use it as an hypothesis. 



8.2 Definition. We say that (M^dj : i < a,j < a) is a smooth decomposition 
inside N over M if: 

(a) it is a decomposition inside N over M (see Definition 3.3), which mean 

(Mi : i < a) is < s -increasing continuous 

M a < 5 N 
M = M 

t Ps K, M,,M l+1 ) e,y^(M t ) 

(Mi, Mj+i, at) E Kg' pr 

(b) for every i < (3 there is nonlimit j < % such that tp s (aj, Mj, Mj + i) does not 
fork over Mj and is orthogonal to if j > 0. 



8.3 Claim. [No need of 8.1(b).] If M < s N then we can find M = (Mi, aj : i < 
a,j < a) such that 

u, a(a) M = M and N < R M a 

(b) Mi is < ^-increasing continuous 

(c) (Mj, Mj + i, di) G Ks ,uq and G K^ ,w if s has primes 

(d) for each j < a either tp(aj, Mj, M J+ i) does not fork over M or it is weakly 
orthogonal to Mq. 
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Proof. We try to choose by induction on i a pair (Mj, Aj) and if i = j + 1 also aj such 
that: Mi < s Ni, Mi is < s -increasing continuous, Aj is < s -increasing continuous, 
and the Mj, aj satisfy the relevant cases of clauses (b), (c), (d) and Mo = M, No = 
A and i = j + 1 =^ -iNF s (Mj, Nj, Mi, Ni). We cannot succeed (as s is good + and 
successful, see §1) and we can define for i = and i limit. Hence for some i we 
have (Mj, Ni) but cannot choose M i+1 , Aj+i, aj. If Mj 7^ Aj there is 6j G Ni such 
that tp(o, M i5 Ni) G y hs {Mi), and one of the following cases occurs. 



Case 1 : tp(6j, Mi, Ni) is orthogonal to M . 

Then we let Aj +1 = Ni, <2j = hi and we can find M i+1 < g N i+1 such that Ni < s N i+1 
and (Mi, M i+ i, cii) G Kg ,uq and if s has primes even G Kg ,pT . All the induction 
demands hold and -iNF(M i5 Ni, M i+1 , Ni) as NF implies disjointness (by the defi- 
nition of NF S see Chapter II). 

Case 2 : tp(6;, Mi, Ni) is not orthogonal to M . 

So there is pi G ,5^ bs (Mi) which does not fork over M such that pi, tp s (bi, Mi, Ni) 
are not weakly orthogonal. Hence we can find AT i+1 g -ftT s such that A^i < s Ni+i and 
some G -/Vj+i realizing ^ in Ni+i and tp s (ai, ATj, A^+i) is not the nonforking ex- 
tension of pi in ,y hs (Ni). As we can increase Ni + i without loss of generality there 
is Mj_|_i < s N i+ i such that (Mj, M i+ \, a^) is in K s ,pr if possible but always in K s ,uq , 
so clearly -iNF s (Mj, Ni, M i+ i, N i+ i). So all the demands hold. 
So if Mi 7^ Aj then we can continue the induction, contradiction, hence Mi = Ni 
and so a = i, (Mj : j < a), (cij : j < a) are as required. O s .3 

8.4 Claim. If (Mi : i < a) is < s -increasing continuous p G ,y hs (M a ) does not 
fork over Mq, then we can find an < s -increasing continuous sequence (Ni : i < a) 
and a such that Mi < s Ni, a G A , a tp s (a, M a , A a ) = p and (Mi, Ni, a) is s-prime 
for i < a. 



Proof. We choose by induction on i < a a pair (Ni, fi) a a such that Ni is < s - 
increasing, fi is an < s -embedding of Mi into Aj, fi is increasing continuous, fo = 

id Mo , tp s (a, M , N ) = p \ Mo, (/j(Mj), A,, a) G A s 3 ' pr , tp s (a, /j(Mj), A,) does not 
fork over fo(Mo) = Mq. For i = use existence of primes. 

For i limit use 7.16 and the hypothesis (c) of 8.1, and for i = j + 1 use the defini- 
tion of prime chasing arrows. In the end, renaming without loss of generality fi = 

id Mi for i < a. U% A 



CLASSIFICATION THEORY OF FRAMES AND CLASSES 



79 



8.5 Claim. [No use of 8.1(b), (c),(d).] If n m a from Claim 8.3 holds and 
J = {ai : tp(aj, Mi, Mi+i) does not fork over M = Mo} then (M, N, J) belongs to 



Proof. We shall use Claim 7.9, now the desired conclusion is clause (A) there, so 
it suffices to prove clause (D) there. Now subclauses (a), (b) are obvious so let us 
prove subclause (c). For this we prove by induction on (3 < a = £g(a) that letting 
J p = {ai : i < (3 and tp(a^, Mj, M i+ i) does not fork over M }, we have: 

©^ if Mp < s N + , n < u and be G N + for i < n and Jp U {b , . . . , & n _i} is 
independent in (M , N + ) (and be 3p,£ ^ k be ^ bt of course), then 
{bo, . . . , b n -i} is independent in (M, Mp, N + ). 

For (3 = this is trivial. For (3 limit this holds by 5.10(2) as (M , M 7 , {b £ : £ < n}) 
is independent by the induction hypothesis for each 7 < (3. Lastly, let (3 = 7 + 1; 
then by 7.9, as we have proved © 7 , we have (M ,M 7 , J 7 ) G Kg ,ucl . First assume 
a 7 G 3 p. So 

(*) we are given n, bo, . . . , b n -\ we let b n = a 7 and we are assuming Jp U 
{bo , • • • , b n -i} is independent. 
Hence J 7 U {bo, ■ ■ ■ , b n } is independent. 

Hence apply (*) 7 for n+1, t»o, - • - , b n -ii °ni so {^0? • • • 1 b n } is independent in (M, M 7 , iV + ) 
as (M 7 , M^, a 7 _|_i) G iff ' pr by 5.4 we deduce that {bo, ■ ■ ■ , & n -i} is independent in 
(Mo, Mp, N + ), which gives the desired conclusion. 

Second, assume a 7 ^ Jp and n,bo, ■ ■ ■ , b n -\ are given as in (*). By the induction 
hypothesis {b , . . . , 6 n _i} is independent in (M, M 7 ,iV + ). But tp(a 7 , M 7 , M^) = 
tp(a 7 , M 7 , A^ + ) is orthogonal to Mq, tp(6^, M 1 , N + ) does not fork over M, Mo and 
(M 7 , M/j, a 7 ) G Kl^ 7 " so by 6.15 necessarily tp(6, Mp, N+) does not fork over M , 
as required. 

Having carried the induction we got © a which for n = 1 is the statement (D) of 
7.9 hence gives the desired conclusion. H 8 _ 5 

Now we can show that any type in a sense is below a nonforking combination of 
basic ones. (Compare with 8.6). 

8.6 Claim. If p G y s (M) then for some n, Me(£ < n),ak(k < n) and b we have: 

(a) M = M 

(b) (M e ,M e+1 ,a e )eK*> pr 

(c) tp s (a^, Me, Me+i) does not fork over Mo, so 
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(d) {ai : i < n} is independent in (M , M n ) and (M , M n , {ag : i < n}) G ' qr 

(e) be M n andp = tp(6, M, M n ). 

Proo/. We can find JV , b such that M < s N and b <E N and tp B (6, M, N ) = p. 
By 8.3, without loss of generality, possibly increasing N, we have n m a f° r 
some M,o as there. By 8.5 we have (M,N,3) G K^ vq for some J. Among all 
such pairs (iV, J) choose one (N*, J*) with the cardinality of J* being minimal. Let 
J* = {cii : i < 6>}; by hypothesis 8.1(c) we know (M, AT*, J*) G K% ' qr so we can find 
an M-based pr-decomposition {M i} bj : i < 9,j < 9) over M, i.e. M = M such 
that tp s (bj, M, Mj + i) = tp s (a i7 M, N*) and tp s (bj, Mj, Mj +1 ) does not fork over 
M, of course. So by the section hypothesis 8.1 there is a < s -embedding of N* into 
Mg over M so without loss of generality iV* < s Mg. Now if 9 < K we have gotten 
the desired conclusion, otherwise b G N* C Mg = Mj so for some /3 < 6> we have 

i<6> 

6 G iVg and has clearly (M , M3, {a^ : % < (3}) G Kg' qr by 8.1 so we have gotten a 
contradiction to the choice of (AT*, J*). □§ 6 

8.7 Definition. 1) We say that (Mj : % < a) is s-independent over M inside iV if 
< s M <s AT and we can find a < s -increasing sequence (iVj : i < a) such that 

N = M,N < s iV Q and NF S (M, N it M;, AT i+1 ). We call (iV* : i < a) a witness. 
2) For a = A + we define similarly. 

8.8 Weak Uniqueness Claim. Assume 

(a) /or £ = 1,2, (M/ : z < a) s-independent over inside Ng as witnessed 
by(Nf:i<a) 

(b) f is an isomorphism from Mi onto M2 

(c) for i < a, fi is an isomorphism from M\ onto Mf extending f . 

Then there is N3 such that N2 < s N3 and a < s -embedding f* of N\ into N3 
extending every fa. 

Proof. Without loss of generality Mi = M2 call it M and fo is the identity on M, 
so Nq = M. 

We choose by induction oni<a the tuple (Nf, g} 7 gf) such that 

(a) Nq =M,g e = id M 

(/?) Nf is < s -increasing continuous 
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(7) gf is a < s -embedding of Nf into Nf for £ = 1, 2 
(5) gf is increasing continuous for i 
(e) (VaeMl)(g? +l (f i (a))=gl +1 (a)). 

For i = 0,i limit this is obvious. For i = j + 1 use the uniqueness of NF g - 
amalgamation. Having carried the induction, by renaming we get the conclusion. 

□ 8 .8 

Proof. Straightforward. 

8.9 Claim. 1) Assume that M < s Mi < s N for i < a, a < X + . Then we can find 
iV+, (M+ : % < a) such that (N+ : i < a) 

(a) M = N+, N < 5 N+ = N+ 

(b) (N+ :i<a) is < ^-increasing continuous 

(c) Mi < s M+ < N l+1 

(d) NF s (M h N+,M+,N+ +1 ) 

(e) Mf is (A, *)-brimmed over Mi hence over N. 

2) In part (1) it follows that 

(f) there is J, such that (M, M+, J,) e K^ vq 

(g) if u C a and {Mi : i E u] is independent over M inside N then {M+ : i £ 
u} is independent over N inside N + . 

3) If M < s Ml for i < a then we can find N and M = (Mi : i < a) such that M 
is independent inside (M, N) and Mi, M[ are isomorphic over M for i < a. 

Proof. Easy. 

8.10 Claim. Assume that {Mi : i < a) is ^-independent over M , inside N with 
N = (N{ : i < a), a witness. 

1) If M < s Ml < s Mi for i < a, then (Ml : % < a) is ^-independent over M inside 
N. 

2) In part (1), N is also a witness for (Ml : i < a) being & -independent over M 
inside N . 

3) If Mi < 5 M+ then we can find N+ , (iV+ : i < a), (fa : i < a) such that: 
(a) N < s N+ and N < s N+ 
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(b) (N* : i < a) is < s -increasing continuous 

(c) fi is a < s -embedding of Mf into N i+ i over Mj 

(d) (iV+ : % < a) witness (fi(M^) : i < a) is s-independent over M inside iV+ . 

4) There are (M* :i <a), (iV+ : i < a),N + , (J, : i < a) such that: 

(a) Mi < s M*, N < s N+ and N < N+ for i < a 

(b) (N^~ : i < a) witness that (M* : i < a) is s-independent over M inside N + 

(c) (M,M;,J,)G^ vq . 

5) If N < s N + then (Mi : i < a) is s-independent over M inside N + . 

Proof. 1), 2) Straightforward. 

3) By 8.9(2) and then use part (1). 

4) By 8.9(2). 

5) Trivial. 

8.11 Claim. Assume M < s Mi < s N for i < a. 

1) For any M' = (M[ : i < a'), a permutation of M = (Mi : i < a) (that is 
for some one to one function ir from a onto a', Mj = M^^) we have: M is s- 
independent over M inside N iff M' is s-independent over M inside N. 

2) M = (Mi : i < a) is s-independent over M inside N iff every finite subsequence 
M' of M is s-independent over M inside N . 

3) Assume (M, Mj,Jj) e Kg ,vq . Then: (Mi : i < a) is s-independent over M 
inside N iff U{Jj : i < a} is independent in (M, N) and, of course, the Jj are 
pairwise disjoint. 

Proof. 1) By the symmetry assume (Mi : i < a) is s-independent over M inside N. 
By 8.9(2) + 8.10(1) without loss of generality, for each i < a for some J; we have 
(M, Mi, Ji) G Kg' vq . Now using (3), part (1) is translated to parts of 5.4. 

2) Similarly (note 8.9(2), clause (g)). 

3) First assume that (Mi : i < a) is s-independent over M inside N, let (Ni : i < a) 
witness this; of course, i ^ j Ji D Jj = 0, i < j =>- Mj n Mj = M (by properties 
of NF S ). For (3 = a we get that U{Jj : % < a} is independent in (M, N) as required. 

We prove by induction on f3 < a that U{Jj : i < 0} is independent in (M, Np) = 
(No, Np); of course, we can increase Np (see 5.4(2)). For (3 = this is trivial, for (3 
limit use 5.4(1), for (3 = 7 + 1, by 5.6(2) we have J 7 is independent in (M, iV 7 , Np) 
and so by 5.6(1) we have (U{Jj : i < 7}) U J 7 = U{Jj : i < (3} is independent in 
(M, Np). 
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Second assume that the Jj-s are pairwise disjoint and U{J; : i < a} is inde- 
pendent in (M, AT). Let J </ 3 = U{Ji : i < /?}, so (J</3 : (3 < a) is C-increasing 
continuous. 

We now choose by induction on (3 < a, the tuple 8 (Mg, Np, J*p) such that: 



(a 

(6 
(c 
(d 

(e 

(/ 

is 

(h 
(i 
(J 



Mp is < s -increasing continuous 

Np is < s -increasing continuous 

M* = M, N* = N 

Ml < s N*p 

Mi < 5 Mp for i < /3 

r C AT*\M\J </3 

J*p is C-increasing continuous 

(M, M*, J* U J </3 ) belongs to AT s 3 ' vq 

J£ U J <a is independent in (M, Np) 

NF 5 (M,M*,M 7 ,AT*. 



Note that by clauses (a),(e),(j) this is enough to prove (Mg : (3 < a) witness that 
{Mi : % < a) is independent in (M, N), (see Definition 8.7) as required. 
For 13 = let M* p = M,N* p = N and Jp = 0; easy to check. 

For 13 a limit ordinal let Mp = U{M* : 7 < /3},iV| = U{iV* : 7 < 0} and 
= U{J* : 7 < /?} the least obvious point is clause (h) which holds by 7.16 and 
clause (i) which holds by 5.4. 

Lastly, for f3 = 7 + 1 as (M, M*, J* U J <7 ) G ATs' vq by clause (h), and J 7 U 
J<7 ^ J7 U J</3 is independent in (M, AT*) by clause (i), by 5.18(1) we deduce that 
J 7 = J 7 UJ<^\J 7 UJ <7 is independent in (M, M*, iV*). So as (M, M 7 , J 7 ) e iff ,vq , 
by the definition of Kl' vq (see Definition 5.15) we get NF S (M, M*, M 7 , N*) hence 
J 7 is independent in (M, M*, A 7 "*) by 5.6(2). By 5.18(2) we can find (M 7 , A^) such 
that: M* < s M 7 < s N^N* < 5 N^M^ is (A, *)-brimmed over M*,N^ is (A, *)- 
saturated over N* and (M 7 , N^, J 7 ) e iff ' vq and J 7 is independent in (M, M 7 , A^). 
By Definition 5.15 (of ATf' vq ) this implies NF S (M, M 7 , M 7 , AT 7 ). There are also 
(fp, A^f) such that A^ < s A 7 ", is a < s -embedding of M 7 into N'J over M* and 
NF S (M*, A 7 *, fp(M'), N"), simply by the existence of NF s -amalagmation. 

As we also have NF S (M, M 7 , M*, A 7 *) (see above), by transitivity for NF S we 
have NF S (M, M 7 , //?(M^), A 7 "). As we have NF S (M, M 7 , M 7 , A^) by the unique- 
ness of NF s -amalgamation, possibly increasing Np, we can extend jp to f'p, a < s - 
embedding of A^ 7 into A^' such that id M7 C /£. Let AT* = N^Mp* = /£(A^), 



the sequence (M% : f3 < a) will witness that (Mi : i < a) is independent in (M, TV) 
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note that /£(M^) is (A, *)-brimmed over f' p (M*) = M* and J* U J <7 is in- 
dependent in (M,/£(M^)) and J* U J <7 C f' p (M*) = M*, hence we can find 
J 7 C M£\(J* U J< 7 )\M such that: J 7 U J* U J <7 is independent in (M, f'^M^)) 

and (M, /' (M;), j; U J 7 * U J <7 ) G K s 3 ' vq by ?. As M < s /£(M 7 ) < s f'p(N^) = M% 
— > scite{705-xxX} undefined 

and (M, //3(M 7 ), j; U j; U J <7 ) G if s 3 ' vq and (/£(M 7 ), /£(AT 7 ), J 7 ) G K 3 5 ' vq we get 
by 5.18(3) that (M, /^(A^), J 7 U J*UJ <7 U J 7 ) = (M, M|, (J^U j;) U J </3 ) G K s 3 ' vq . 

Let = J 7 U J*, so we have almost finished proving the induction step, we 
still need: disjoint to J* <a and J*p U J <Q is independent in (M, AT|); for this 
we know that U J< 7 is independent in (M, f^(M^)) and M < s f'^M^) < s AT* 
and (J£ fl J <a )\/^(M 7 ) = (J <Q \J <7 ) hence it suffices to prove that J <Q \J <7 is 
independent in (M, fp(M^), AT*). But NF S (M*, /g(M 7 ), N*,N") and J< a \J< 7 C 
A^* is independent in (M, M*, AT*) as stated above, so by 5.6(2) we are done. 

□s.n 

S.ii? Conclusion. 1) If (Mj : i < a) is 5-independent over M inside AT, /j is an 
isomorphism from M onto Mj over M for i < a and 7r is a permutation of a and 
Af + is (A, *)-brimmed over N, then for some automorphism / of N + over M we 
have ?r(z) = j =>• ^ o J" 1 C /. 

2) Assume that (M/ : % < a) is s-indiscernible over Mi inside N% for £ = 1,2 and 
/i ^ / 1S an isomorphism from M^ 1 onto Mf for z < 6, f an isomorphism from 
Mi onto M 2 and A^ is (A, *)- brimmed over U{M/ : i < a}. Then there is an 
isomorphism from Ni onto N 2 extending Li{fi : i < a}. 

Proof. 1) By (2). 

2) By 8.10(3) and uniqueness of the (A, *)-saturated model over a model in K 5 . 
Els. 12 

8.13 Definition. 1) We say that (fi'-i< a) is (< 6) -indiscernible over M if: for 
some sequence a = (a s : e < Q (possibly infinite), Dom(/,) = {a e : s < (} for every 
i < a and for every partial one to one function it such that Dom(7r) U Rang(7r) C a 
and |Dom(7r)| < 9 there are N + ,g such that A" < s N + , g is an automorphism for 
A^ + over M and for every i G Dom(7r) we have: g maps /i(a) to f n ^(a). 

8.14 Claim. Assume (Mi : i < a) is 5-independent over M inside N, fi (i < a) is 
an isomorphism from M onto Mi over M , and p G y (Mo). The following are 
equivalent: 



(A) p±M 
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(B) p±f 1 (p) 

(C) for some i < j < a we have fi(p)-Lfj(p) 



Proof. By 8.9(3) [NO!: ad proof] it is easy to show that without loss of generality M 

is (A, *)-saturated and by ? without loss of generality a is infinite. 
^> scite{705-xxX} undefined 

(B) 4» (C) : by the indiscernibility (8.12(1)). 

-i(C) =^> By the indiscernibility we have i < j < a =>■ fi(p) ± fj (p) ■ 

First we can find (M* : n < uj), < s -increasing, M* +1 is (A, *) -saturated over M* 
such that U{M* : n < uj} = M. Second, we can also find (Mq : n < uj) < s - 
increasing such that NF S (M*, M * n , M* +1 , M * n+1 ) and M < s UM * n by ?. Third, 
^> scite{705-yyY} undefined 

without loss of generality U{Mq n : n < uj} = Mq. Fourth, for some n,p does 
not fork over Mq n so without loss of generality n = 0. Hence we can consider 
M *, (/i(M * ) : 2 < a), (f[ = f % \ M * : i < a), (pj = /-(p [ M * ) : i < a) and can 
choose /a,/a(Afo j0 ) < s M such that (// [ Mq : i < a) is indiscernible over Mq. 
By the indiscernibility clearly p' ±p' a but Po||po and there is q G ,y hs (M), q\\p' a , so 
we are done. [This is similar to 6.10]. 

(C) =► (A) : 

Assume q G 5? {M),q ± p, so g ± pi for i < a where p^ = /i(p). Let N + ,b 
be such that A < s A+,6 G A+ and tp(6, A, A + ) is a nonforking extension of 
g. So by 6.4(2), possibly increasing A + , for each i < a there is a» G A + such 
that tp(aj, A, A + ) is a nonforking extension of pi and {&, a^} is not independent 
in (A, A + ). But by 6.19(1) {a^ : i < a} is independent in (A, A + ), contradicting 
5.13(1) as a is infinite. Ds.14 

The following will be used in §9[?]. 
8.15 Claim. Assume: 

(a) (N* : a < o") is < s -increasing continuous for £ = 1,2 and A | <5 
(6) Ml < s for i < i* 

(c) z/A £ < s M < s N$,c G A|\M and p = tp s (c,M,A|) G ^ s bs (M) taen 
p ± M| for some i < i* 

(d) ifp G y hs (N^), ct < 5, £ G {1, 2} andp±Mf for some i < i* andp is regular, 
then for A ordinals (3 G (a, 5) there is c G Mp +1 such that tp s (c, A|, A| +1 ) 
is a nonforking extension of p 

(e) /o is an isomorphism from Nq 1 onto Aq mapping M\ onto Mf . 
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Then there is an isomorphism from Ng onto Ng extending fo . 
Proof. Hence and forth, as usual. 

8.16 Claim. 1) If {Mi : i < a) is independent over M and ai G Mi, tp s (aj, M, Mi) e 
5?g{M) then {a^ : i < a} is independent over M . 

2) If above (M, Mi, J*) e Ks ,hs , i < a ^ Mi < s N then U{J; : i < a} is indepen- 
dent in (M, N). 
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§9 Between cardinals, Nonsplitting and getting fullness 

Our aim is to get full A-good + -systems. Fullness seems naturally desirable (being 
closed to superstability) and help in proving the existence of enough regular types. 

9.1 Hypothesis. 1)5 is a successful A-good + system. 

9.2 Definition. 1) For A < \i we define s is a [A, /u)-frame as in Chapter II, except 
that £ s is a [A, / u)-a.e.c, i.e., & s = K\ \ U{_ftT* : k G [A, /i)}. Let A S7/ u s be A, fx, 
respectively. 

2) We define "a good [A, -frame", K*' bs , K*' pr , K*' m , K*'^ , K*' vq similarly. 

3) For a A-frame s and \i > A we define s[A, ji) naturally; so & s [\^) = K s \ U{K^ : 
k G [A,//)}. 

9.3 Claim. The claims on good X-frames hold for [A, n)-frames with some obvious 
changes. 

* * * 

Not central but we may note 

9.4 Definition. 1) We say that s is type-full if J^ s bs = r Y s na . 

N 

2) Let a [JJ 6 means that tp(a, M, N), tp(6, M, N) G ,y^ s (N) and for some M e (£ < 3) 

M 

we have M = M,N < 5 M 2 , M < s M x < s M 2 , a G Mi and tp(6, Mi, M 2 ) does not 
fork over Mq. 

3) We may allow not to distinguish types of elements and of finite tuples, so we 
use y s (M) = U{y™(M) : m < u} we call such s of (< cu)-type, then let ab be the 
concatanation (this makes no real difference). 

4) We say that s is type-closed if s is of (< cu)-types and tp(a^, M, N) G y hs (M) 

N 

for £ = 1,2 and a x [JJ a 2 implies tp(aia 2 , M, N) G ^ s bs (M). [See Claim x]. 
M 

9.5 Definition. For a A-good frame s (not necessarily satisfying Hypothesis 5.1??) 
we define a frame t = s tc : 



At — A s , — &s 
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^ t bs = {tp(a • • • a n _i, M, N) :M < 5 N, a e G N\M for i < n 

N 

and [\){ci£ : I < n}, i.e. we can find M^ satisfying 
M 

M = M < s Mi < s . . . < s M n = N and 
at G M /+ i, tp(a e , M e , M i+1 ) G ^ S (M £ ) 
does not fork over M for £ < n} 

[|J = { (M , Mi, a, M 3 ) : for some n and (M/ : £ < n) we have 

a = a . . . a n _i, M 3 < s M*,M 1 = M* < s M* < s . . . < s M* 
and tp(a £ , M/, M/ +1 ) G ^ s bs (M £ ) 
does not fork over Mo}. 

9.6 Claim. 1) If 5 is a good X-frame as in Hypothesis 5.1[?], then s tc is a good 
X-frame as in Hypothesis 5.1 and deal with (< u))-type. 

2) If s is a good + X-frame, then s tc is a X-good + frame. 

3) Primes, K s ,vq dense, etc., are lifted [FILL!]. 

Proof. Saharon: We may wonder (see answer later). 

* * * 

9.7 Definition. 1) We say & 1 is situated above 8° if for some A < Ai we have: & 1 
is a Ai-a.e.c., with amalgamation, &° is an Ao-a.e.c. with amalgamation and letting 
£°> up be the lifting (from II§1) we have K\ ± C K°' up , < A i =<&o,u P \ K\. We may 

write Xi = A(i^). We may treat tp^i (a, M, N) as tp^o (a, M, N) when no confusion 
arises, e.g. p \ N, N G K t . 

2) We say &\ is weakly ^°-local (or weakly local above £°) if: 

(a) R\ is situated above &° 

(b) if M G ^} Xi and p, q G (M), then 

Kl p = q (ViV)[iV <^o,up M & iV G K X{RQ) ^ p \ N = q \ N(e 
y^o (N))} which means if p = tp^i (a, M, Mi) and g = tp*i (b, M,M 2 ) 
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then : p = q iff for every N <E 3° satisfying N <^o, up M we have 
tp#o,up(a, N, Mi) = tp^o.up (6, N, M 2 ) recalling that this means that 
N < A o,u P N £ <M i ,aeN 1 ,beN 2 ^ tp^o (a, N, Ni) = tp^o (6, AT, ATi) 

2 A) is basically weak £°-local if (a),(b) above but in (b), p, q G Y bs (M). 

3) We say & 1 is ^°-local (or local above £°) if 

(a) & 1 is situated above £ 
(13) & 1 is weakly £°-local 

(7) if M G & 1 and p = tp*i (a, M, Mi) G ^1 (M ), then for some ACM, | A| < 
A (.ft ) the type p does not split over A which means that: if A C N G 

<^o,u P M for £=1,2 and / is an isomorphism from A^i onto 
over A, then tp^o (a, AT 2 , Mi) = /(tp^o(a, Ni, Mi) (by Definition 2.13 this 
is equivalent to: if A C AT g .ft , A" <^o, up M then (tp^o, uq (a, N, Mi) does 
not split over A. 

4) We say s is situated above i if: 

(a) s, t are good frames 
(6) A t < X s 

(c) .ft s is situated above .ft t 

(d) if M G and p G ^(M), then : p G ^ bs (M) iff for every large enough 
N < A [ t ] M of cardinality A t we have p \ N G ^ s bs (A^) 

(e) similarly u p G y bs (Mi) does not fork over M < s Mi" iff there are N <# t 
N x (so ATg G &t) such that ATg < m M £ : 

(*) if ATi <^ t AT+ <^ [t] Mi then pfJV+e ^ t bs (A^+) does not fork over 
AT . 

5) We say s is weakly t-local (or local above t) 
(a) s is situated above t 

(f3) & s is weakly .ftMocal, i.e., clause (b) of (2) (which deals with not necessarily 
basic types); but even for basic types this (b) of (2) is not implies by "s 
situated above t" . 

5A) We say s is t-local (or local above t) if 

(a) 5 is situated above t 
(13) & s is .ftMocal (see (3)). 
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6) In (5) we add basically if in (b) of (c) we demand this. 

6A) In (5 A) we add the adjective "basically" if we weaken clauses (/?), (7) of part 
(3) to (/3) bs + (7) bs respectively; that is s is basically t- local if: 

(a) s is situated 

(/3) bs if M G & 5 and p,q e ^ s bs (M), then p = q (\/N)[N < m M & N G 
& t ^p\N = q \N(ey t (N)} 

(7) bs if M G & 5 ,p G ^ bs (M), then for some A C M we have \A\ < A t and p does 
not split over A. 

7) We say s is a strongly t-local if: 

(a) s is basically t-local 

(/?) s, t are weakly successful 

(7) if M < s N, then for almost every X e [N]^ the type tp K[t] (X, M, N) 
does not split over X n N, see Definition xxx 

(5) for G K 5 for £ < 4, we have NF S (M , Mi, M 2 , M 3 ) iff for almost all 
y G [M U Mi U M 2 U M 3 ] At , NF t (M \ Y, Mi f F, M 2 f y, M3 f F) 

(5)' NF have 9 reflection from s to t and lifting from t to 5 and x.x. 

8) We say s is super t-local if: 

(a) s, t are weakly successful frames 

(/?) s, t have primes 10 and _L = _L (for both) 

wk 

(7) s is strongly t-local 

(S) if (M , Mi, a) G Kf w then for almost all Y G [Mi] A ( l ) we have 
(M \Y,M 1 \Y,a)eK^ pr . 

8A) We say that s is super-t-local if: 

(a) s, t are weakly successful frames 
(P) s is strongly t-local 

(7) if Mo 6^ s ,j)G ^ bs (M) then there are M 1 , a such that 
(i) (M ,M!,a)GK s 3 ' uq 
(u) tp(a,M ,Mi) =p 

(iii) for almost all F G [Mi] A ( 4 ) we have (M \Y,M 1 \ Y, a) G K t 3 ' uq . 

9 is it reasonable to demand this instead for K^' u<1 ? Then for NF it follows. 
10 To demand every (Mo, Mi, a) £ K s ,uq is reflected incomparable. To demand for a dense 
family is enough and weak. 



CLASSIFICATION THEORY OF FRAMES AND CLASSES 



91 



9) In any of the above we add "fully" if = £°; up (for a.e.c.) or & s = (K[t]) x(s) 
(for frames). 

9.8 Claim. Assume 5 = t + is weakly successful and t is Xt-good + and successful. 

1) If M G & B and p G 5? S {M), then p does not split over some ACM of cardinality 
At [even in a stronger sense: for Ng <#[t] M, Ng in any cardinality] . 

2) s is strongly i-local. 

3) [??] IfMe& s ,AC M, \A\ < X 5 andpe y s (M), then 

p does not split over A iff (ViV G £t) 

[N < A t M & A C N ^ p \ N does not X t -split over A] 

4) 5 is super t- local. 

Proof. Essentially from II.?. 
Some of the obvious properties are 

9.9 Claim. 1) If &2 is s± -local and S\ is So-local, then s? is So-local. 

2) If 52 is strongly s i -local, Si has \-nonsplitting, then s 2 has \-nonsplitting. 

3) If &2 is strongly Si-local and S\ is strongly s^-local, then s? is strongly Sq -local. 

4) Similar results for the "basic" version. 

5) Similar results for a Xt-a.e.c." . 

6) Similar results of "s is super i-local" . 

Proof. Easy. 

We now investigate the reflection of the following properties and their negation: 
independent, orthogonal if 3 ' qr , K 3,vq . 

9.10 Claim. 1) Assume 8? is situated above & 1 . If Mi <$?. M2 then for almost all 
Y G [M 2 ] A M we have M x \ Y < t M 2 ; similarly for M x ^2 M 2 k {M U M 2 } G . 
2) [s is situated above t] 

(a) p G y^ s (Mi) does not fork over Mq < 5 M\ iff. for almost every Y G [Mi] A W 
we have: p \Y G ^ t bs (Mi \Y) 
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(b) if Mq < g Mi < s M 2 and J C Imi,m 2 ^n independent in (M , Mi, M 2 ) /ors, 
t/ien /or almost all Y G [M 2 ] A W we /mre; Jny C I Ml |-y 5 M 2 * s independent 
in{M \Y,M 1 \Y,M 2 \Y) fort, 

(c) G ^. bs (M), t/ien /or a/most all Y G [M] A W we have p ± g f 

(m t y) ± ? r (m t y) 

wkt 

(d) if Mi < s M,p e G Y^ s (M e ) thenpi\\p 2 iff for almost every Y G [M] A W, M £ \ 
Y < t M andp 1 \{M 1 \Y)\\p 2 \{M 2 \Y). 



9.11 Claim. Assume s is super t- local. 

1) If M < 5 Mi < s M 2 and J C l s MlM2 then J is independent in (M , Mi, M 2 ) iff 
for almost every Y G [M 2 ] A W the setJDY is independent in (M f Y, M x \ Y, M 2 \ 
Y). 

2) Ifp, q G J^ bs (M) then p±q iff for almost every Y G [M] x( - l \p \ (M \ Y) ± q \ 

wk s wkt 

Y). 

3) If (M , Mi, J) G Ks' qr then for almost all Y G [M ] A « we have (M \ Y, M 1 \ 
y, J n Y) G K^ r , similarly for £ if s 3 ' qr . 

4) Like (3) forK^ vq . 

5) If M £ G K s for £ < 4 then: NF S (M , Mi, M 2 , M 3 ) if for almost all Y G 
[|jM^] A)t) we have NF t (M \ Y, M x \ Y, M 2 \ Y, M 3 \ Y); similarly for the 

£<4: 

negation. 

6) If M < m M 2 G K s , M < t Mi, Mi n M 2 = M then we can find M 3 such 
that: M 2 < s M 3 , M 1 < m M 3 and /or almost all Y G [M 3 ] A W we have NF 
t(M t y,Mi \ Y,M 2 \ y M 3 t y)- We express tfws as NF M (M , Mi, M 2 , M 3 ). 
Similar we define "p G ^ s bs (M 2 ) does not /or A; over Mq for (t, s). 

7j //Mi < s M 2 ondae A W(M 2 ), then for some A G [Mi] A W we fcaue tp B (a, Mi, M 2 ) 
does not X s -split over A. 
8) The parallel of 8. 14 (fill). 



Proof. Fill (particularly (7)). 

For some club ^ C [Mi] Xt we have Fe^4Af< f Y < m M t . 

Now without loss of generality Y G ^ 2 =>- y H Mi G ^i so now for every 
we have Mi \ Y = M 1 \ (Y n Mi) <^ [t] M x <^ [t] M 2 and M 2 f F <^ [t] M 2 and 
Mi f y C M 2 I" y hence by axiom V of a.e.c. we have Mi \ Y <[^[t] M 2 \ Y which 
means that M x \Y < t M 2 \ Y. ' D 9A1 
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9.12 Claim. 1) We say s = ($g : Ao < 6 < Xf) is a super local sequence if: 

(a) each Sg is a weakly successful qood 9-frame 

(b) if Ao < 6*o < 6*i < A then Sg 1 is fully super Sg 1 -local. 

2) For such s let: Sis = (&[s\ ])[\ \+) and we write < 5 for< Kjr Let NFg(M , M 1? M 2 , M 3 ) 
iff M < s M e < s M 3 for I = 1,2 and for almost every Y E [M 3 ] Xf) we have 

nf SAo (m \ y,m 1 \ y,m 2 \y,m 3 \Y). 

9.13 Claim. 1) Ifs = (sg : 9 E [Ao, Ai)) is a super local sequence and Ai is a limit 
cardinal then for one and only one S\ 1 the sequence s' = (sg : 9 E [Ao, A^~ )) is a 
super local sequence. 

2) If s = (sg : 9 E [Ao, Xi)) is a super local sequence and S\ 1 is successful, and we 
define s x + = then the sequence s' = (sg : 9 E [Ao, Al"" 1 ")) is a super local sequence 
(but not necessarily full!). 



Proof. FILL! D 9 . 13 

Now we return to trying to deal with all types in ,5^{M\ i.e. fullness. 
9.14 Definition, [s is a A-frame] 

1) For M e K s let ^ s na (M) = {tp(6, M, N) : M < s N and b E N\M}. 

2) The A-frame 5 is type-full if M E K 5 =>- J?f s (M) = Y™(M). 

3) [s is a weakly successful good A-frame] 

Let 5 nf = s(nf) be the following frame (see below) 

(a) -fts(nf) = &s 

(b) ^ nf) (M) = yr(tf) 

(c) yj (M , Mi, a, M 3 ) holds iff M < s M x < s M 3 and a E M 3 \M 1 and there 
S (nf) 

are M' 3 ,M 2 such that M < s M 2 < s M^,M 3 < s M 3 and a E M 2 and 
NF S (Mo , Mi , M2 , M 3 ) . 

4) [s as in (3)] 

Let s+ ns P be the A+-frame which we also denote by s(*) or s(+nsp), defined by 

(a) &[(*) = &»(+) 

(6) ^ } (M) = ^^(M) =: {p G ^)(M) : for some M < m M from 
does not A s -split over Mq (see Definition 2.13(1) in our case as M is 
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.^-saturated over A, this means that every automorphism g of M over M x 
maps p to itself), if s is successful this is y^(M) 

(c) yj (M , Mi, a, M 3 ) if M < s M 1 < s M 3 , a G M 3 \Mi and tp sW (a, Mi, M 3 ) 
*(*) 

does not A s -split over some iVo Mo, N G if s - 



9.15 Claim. Assume s is a successful good + -frame. If M G and p,q G 

J^ S (M) and AT <^ [s] M & JV G K s =>- (p f AT) = (q \ N) then p = q. 

Proof. Similar to 2.15. 

9.16 Lemma. Assume thats is a successful good + frame. Then the frame s(+nsp) = 
s(*) is a good + A+ -frame and y^(M) = =5^ s (*) (M),s(*) /ios primes and weak or- 
thogonality and is equivalent to orthogonality for it and $ s (*) is categorical. 

Proof. We have to check the axioms there. 
Axioms : (A),(B),(C). 

As .&,(*) = & s (+) this follows from 1.9(1). 

Axiom : (D),(a),(b) by the Definition of .Y^. 

Axiom (D)(c) : Any a G N\M is O.K. by [\600 , §6], II.? (2) (use representation, 
remember that every model M G K s u\ is a saturated in & g above A s of cardinality 
A+ = A sW ). Hence we get also ^ } (M) = Y^M). 

Axiom (D)(d) : This holds as £ s(+) is stable in A+ by 1.9(2) + [\600 , §4], II.? but 

= ^0(+), alternately use [\600 , §6] ,II.?(1) (?) . 
Axiom (E)(a) : By the definitions. 

Axiom (E)(b) : [monotonicity] . 

So Assume M < s( * } M' Q < sW M[ < sW Mi < sW M 3 < sW Mg" and [\j (M , Mi, a, M 3 ) 

«(*) 

so it is witnessed by some Ao <k"[s] -^o with N e K s . 

Now the same N witness QJ (Af£, M{, a, M 3 ). The other statement ( QJ (M , Mi, a, M 3 ) ^ 

s(*) s(*) 
QJ (M , Mi, a, M£)) is immediate by tp sW (a, M[, M£) = tp sW (a, M{, M 3 ). 
*(*) 

Axiom (E)(c) : (local character). 

So assume that (Mj : i < 5 + 1) is s(*)-increasing continuous, 5 < (A s (*\) + = 
X ++ ,c G M^+i\M(j, and assume toward contradiction that tp s (*)(c, Ms, M$+i) G 



CLASSIFICATION THEORY OF FRAMES AND CLASSES 



95 



y^(Ms) is a counterexample. Without loss of generality 5 = cf(<5), so 5 < A + . 
Let M l = (M l a : a < A + ) be a < s -representation of M;, E a thin enough club of 
A + , so e.g. 

aeE^ce M s a +1 

and 

ae E k a< (3 e E k i<5^ tp s (c, M|, M^ +1 ) does not A-split over M l a 
and 

a < (3 e E k i < 5 tp s (c, AfJ, M^ +1 ) does A-split over M* . 

Choose £j G -E 1 for z < 5, increasing continuous, so (M* : z < 5) is < s -increasing 
continuous, each M*. is (A, *)-brimmed for 5 and i < j < 5 =>• M|. is (A, *)-brimmed 
over M*. for s. If 5 < A+, by Subclaim 2.15, for some % < 5, tp B (c, M£, M^+J) does 
not A-split over M* for K s , contradiction to the choice of i? above (and obvious 
monotonicity of nonsplitting). If 5 = A + , use Fodor's lemma. 

Axiom (E)(d) : [transitivity] 
Assume 

(a) M 1 < sW M 2 <,(„) M 3 < sW M 4 
(/3) aeM 4 \M 3 

(7) tp s (*)(a, M2, M4), s(*)-does not fork over Mi and 
(5) tp a (*) (a, M3, M4), s(*)-does not fork over M 2 . 

Let = (M| : C < A+), for £ = 1,2,3,4 be a ^-representation of such 
that a E Mq and without loss of generality a < (3 < A + k l<£<m<4=^ 
NF S (M^, M™, Afg, Mf) and for £ = 1,2 

^£ Mq witness tp s (*)(a, Mg + i, M 4 ), 5(*)-does not fork over Mg. 
Let &g list Mq so &£ £ x (Mg). Now assume b, c e A (M 3 ) are such that 

(e) tp^ [s] (b, M 1 °,M 4 ) = t PjiW (c, M 1 °,M 4 ). 
As M 2 is ^[s]-brimmed above A s we can find b' e A (M 2 ) such that 

(C) tp* w (b', M 2 °,M 4 ) = tp(b,M 2 °,M 4 ) 
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similarly we can find c' G A (M 2 ) such that 

(V) tp^ w (c / ,M 2 °,M 4 )= tp(c,M 2 °,M 4 ). 

Chasing equalities (e) + (C) + (77), as Mf C M 2 °, clearly tp^[ s ](b', M°, M 4 ) = 
tp^[ a ](c', M^ , M 4 ), hence by clause (7) more exactly by Mi we have 

(0) tp A[s] ({ayb',M?,M 4 )= tp^ [s] ((a)'c / ,M 1 °,M 4 ). 
By clause (5), i.e., by M 2 and the statement (77) we have 

(0 tp£ [s] ((a>~c,M 2 °,M 4 ) = tp^ [s] ((a)V,M 2 ,M 4 ) 
and similarly by M 2 and (C) 

(«) t P £ [s] ((a>~b,M 2 °,M 4 ) = t P £ [s] ((a>~b',M 2 °,M 4 ). 

By chasing the equalities (6)+(l)+(k) we get tp#[ s ]((a)"b, Mq, M 4 ) = tp^[ s ]((a)"c, Mq, M 4 ) 
as required. 

Axiom (E)(e) : [Unique nonforking extension]. 

So let M < sW Mi and p,q e y^(Mi) does not fork over Mo and j> \ Mq 
q \ M . Let Mi < s (*) M 2 and ai,a 2 G M 2 be such that tp s (*)(ai, Mi, M 2 ) = p 
and tp s (*)(a 2 , Mi, M 2 ) = (/. Let (M^£ : £ < A + ) be a ^-representation of Mg for 
£ = 0, 1, 2 with ai, a 2 G M 2) o- By the assumption and the definition of s(*) for a 
club E of A+ we have, for '( & E,p \ M 0)C = g \ M 0)C G ^(M 0jC ) call it r c and 
p f Mi^,q \ Mi^ belong to ^(Mi^) and does not A-split over M 0)0 and they 
extend r c ; also for ( < £ in E and £ < 2 we have NF S (M^, M? + i )C , M^, M e+ i^) 
and for £ < £, Mg^ is (A, *)-brimmed over M^£ for s. Now for ( < £ from let 
g be an isomorphism from Mi^ onto M 2) £ over Mi^, (clearly exists). Let a list 
Mi ; g, and b = (7(a), so as for i = 1,2, tp s (o^, Mi ^, M 2 ^) does not A-split over 
Mo,o <s ^i,C the hypothesis) there is an extension gg of (7 to an automorphism 
of M 2 such that ge(ag) = ag, so clearly p \ Mi^ = q \ Mi£. By 9.8(2) we get p = q 
(recall that & s (+) = 
Axiom (E)(f) : [Symmetry]. 

The proof relies on (E)(g) proved below. 

We use freely &,(*) = &=,(+)■ 
By the symmetry (in the axiom) assume clause (b) there and we shall prove clause 
(a). So there are M 4 , M 5 such that M 3 < sW M 5 and M U {a 2 } C M 4 < a(j|t) M 5 
and tp s (*)(ai, M 4 , M5) does not fork over M for s(*). By (E)(g) we can find 
M 6 , M 7 G K B{ *) such that M 4 < sW M 6 < sW M 7 , M 5 < sW M 7 and M 6 is (A+, *)- 
brimmed over M 5 for s + (equivalently for s(*)) and tp^ s(iii) (ai, Mq, M 7 ) does not 
fork over M 4 for s(*). 
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By transitivity (i.e. clause (E)(d)) we know that tp s (*)(ai, M 6 , M 7 ) does not 
fork over M for s(*). By 8.6 applied to s + we can find M 2 , J 2 such that M < s (*) 

M 2 < sW M 6 , J 2 C I^M a is finite and (M),M 2 , J 2 ) G A s 3 ( '^ and a 2 G M 2 . Also 
by 8.6 for s + without loss of generality we can find M*,a* such that M < s (*) 
M{ < a („) M 7 and at G Mf such that tp e(+ )(af, M , Af?) = tp s(+) (ai, M , M 3 ) 
(equivalently, for tp s (*)) and NF S ( + )(M , M-J", M 6 , M 7 ) and M* is (A + , *)-brimmed 
over M for s+. We also can find M x such that M U {af} C M 1 < sW M-j*, J 2 C 

I^ M , is finite and (M ,Mi, Ji) G A^. 
Now 

©1 Ji U J 2 is independent in (M , M 7 ) for s + 
[why? see 8.11(3)] 

©2 ^Ps(*)( a h Mq, M 7 ) does not fork over M for s(*) 
©3 tp sW « M 6 ,M 7 ) = tp sW (a 1; M 6 ,M 7 ) 

[why? as both are s(*)-nonforking extensions of tp s (*)(ai, M , M 3 ).] 

We are done by subclaim ? below. 
^> scite{705-x.X} undefined 

Axiom(E)(g) : [extension existence] 

So let M < s (*) Mi and p G ^ b ( s #) (M ) so for some A G £ s , A < A [ e ] M and 
Ao is a witness for p. So Mq, Mi are saturated models in A" 1 " for & s hence there is 
an isomorphism / from Mq onto Mi over Nq and f(p) G ^5^^(Mi) is witnessed by 
Nq and extend p \ Nq hence p. [Saharon: say more] 

Axiom (E)(h) : By claim 9.17(1) below. 

Axiom (E)(i) : By [\600 , §2], II.? it follows. 

Lastly 

s(*) is good" 1 " : 

So assume M l = (M* : a < A ++ ) is < s (*)-increasing continuous, M° < s 
Mla a G M° +1 , tp(a a+1 ,M° +1 ,M° +2 ) G ^(M^) is an s(*)-nonforking ex- 
tension of p* G ^ b ( ")(M 5 °) but tp sW (a Q+ i, Mq 1 , M* +2 ) does s(*)-fork over M§ and 
we shall get a contradiction. 

As p* G ^(^(Mq ) clearly for some A* G A s we have A* <^ w M£ and p* 

does not A-split over A* hence (by 9.17(2) below) also tp s (*) (a a+2 , M° +1 , M° +2 ) 
does not A-split over A*, let (A e : £ < A + ) be a < s -representation of Mq 1 , and 
without loss of generality A* < s Ao. 

Now for each a < X ++ the type tp s (*)(a a +i, Mq 1 , M 1 +2 ) does s(*)-fork over Mq 
hence it does A-split over A*, but clearly for some ( a < A + it does not A-split over 
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N^ a y So for some (* < X + the set W = {a < X ++ : ( a = (*} is unbounded in 
A ++ . Now choose by induction on e < A a triple (a £ , M 0)£ , Mi j£ ) such that: 

(a) a £ G 5 is increasing 

(b) Mo i£ <^[ s ] is < s -increasing continuous 

(c) Mi e <£[ s ] M^, e is < s -increasing continuous 

(d) M , £ < s M 1)£ 

(e) a £ ( a ) G M 0)£+ i 

(/) iV* CM , e ,% CM M . 

There is no problem to carry the definition and ((M 0j£ , Mi )£ ; a £ ) : £ < A + ) provide 
a counterexample to "s is good" 1 "" . 

□9. 16 

9.17 Claim. 1) Assume the pre-X-frame r (see 0.2) satisfies axiom (E)(c),(d) (of 
good frames of II. ?) and y v hs = 

Then it satisfies (E)(h), too. [have appeared?] 
2) In clause (c) of Definition 9.14(4), an equivalent condition is 

(*) if Nq <&[s] Mo, No G K s and £p s (*) (a, Mo, M3) does not X-split over No 
then also ip s (*)(a, Mi, M3) does not X-split over it. 



Proof. So assume (Mj : 2 < 5) be < t -increasing continuous, p G ^(M^) and 
p I" Mi belongs to J^ t (Mj), does not r-fork over Mq for % < S. As p \ Mi is not 
realized in Mj for i < 5 this holds for i = 5, too. Let (M<$, M^ + i, a) G -ftT^ ' bs be such 
that p = tp r (a, Ms, Mg+i); now by an assumption p belongs to Sf ' x (Ms) hence by 
(E)(c) for some i < 5 the type p = tp r (a, Ms, Ms+i), does not r-fork over Mj. But 
we assume that p \ Mi does not r-fork over M . So by Axiom (E)(d) together we 
get p does not r-fork over M . CI9.17 

Of course 

9.18 Claim. If s is a successful type full X-good^ -frame, then s + is a full X + -good 
frame and s* = s + . 

Proof. Easy. 



CLASSIFICATION THEORY OF FRAMES AND CLASSES 



9.19 Claim, [s is successful and type-full X- good frame]. 

V M < s Mi < 5 M 2 and (M e , M e+1 , a £ ) E K 3 x ' pT fori = 1, 2, then (M , M u a a 

A • 

Proof. Use 5.8(2). 
[But ©-closed suffices.] 

9.20 Question : Add on s n f for s saturative. Saharon! 

* * * 

9.21 Claim. [Here?] Assumes is super t- local, both full. 

If M < K[t] Mi, M e K t , Mi e & s ,p 1 G ,y(Mi) does not fork over M ,p = P 
M < y t (M ), then rk s ( Pl ) = rk t (p Q ). 
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§10 Regular types 

10.1 Hypothesis, s is a A-good weakly successful frame with primes such that s is 
type- full. 

10.2 Definition. 1) We say that p G ^ bs (M) is regular if there are M , Mi, a, M 2 
such that: 

(a) Mg is (A, *)-brimmed over Mq for £ = 1,2 

(b) M , M < s Mi < s M 2 , a G M 2 

(c) p' = tp(a, Mi, M 2 ) is parallel to p 

(d) p' does not fork over Mq 

(e) if c G M 2 \Mi realizes p' \ Mq then c realizes p' . 

2) We say that p G ^ g bs (M) is regular" 1 " if there are Mi,M 2 ,a such that clauses 
(a)-(d) above holds and (see §2) 

(e)' if c G M 2 \Mi, then rk(tp(c, M, M 2 )) > rk(p). 

3) We add "directly", if 

fa) Mi = M. 

Remark. Note that regular 7^ regular" 1 ", e.g. T is the first order theory of M = 
(wxwUw,? M ,Q M ,F M ) when P M = cj x u, Q M = u, F M ((n, to)) = n, F M (n) = n. 

By and for our purposes every regular type is "equivalent to a regular" 1 " type so 
those suffice. 

10.3 Claim. 1) 

(a) If pi\\p2 thenpi is regular iff y?. is regular 

(b) if M is (A, *)-brimmed (trivially holds if& s is categorical) andp G y^ s (M), 
then p is regular iff it is directly regular. 

2) If p G y hs (M) is regular, M is (A, *)-brimmed over Mo, p does not fork over Mq 
and (M, M 2 , a) G K$ ,pT , tp(a, M, M 2 ) = p and we let Mi = M. Then p is regular 
iff clause (e) of 10.2 holds. So trivially (a), (b), (c), (d)) of 10.2 hold, i.e., holds 
forM ,M 1 ,M 2 ,a. 

3) The parallel of parts (1),(2) holds for regular^. 



CLASSIFICATION THEORY OF FRAMES AND CLASSES 



101 



4) If (M, N, a) G K s ,pr andp = tp s (a, M, N) is regular + , M is (A, *) -brimmed, then 
c G N\M =>• rk(tp(c, M,N)) > rk(p). 

5) If p is regular^ then p is regular. 



Proof, la) So assume that M' < s M and M" < 5 M and p' G y hs (M'),p" G 
,y hs (M") are parallel, that is some p G J? 9 (M) does not fork over M' and over M" 
and p \ M' = p' \p \ M" = p" and we should prove that p' is regular iff p" is regular. 
By the symmetry it suffices to show that p' is regular iff p is regular. Now the 
"if direction is trivial (the same witnesses Mo, Mi, M2, a works). For the "only if 
direction, let (Mq, M{, M' 2 , a) witness p' is regular and without loss of generality M 2 
is (A, *)-brimmed over M{. 

As & s has amalgamation and M' < s M, M' < s M' 2 without loss of generality for 
some Mi we have M[ < s Mi and M < s Mi and without loss of generality Mi 
is (A, *)-brimmed over M[ U M. There is an isomorphism / from M[ onto Mi 
over Mq as both are (A, *)-brimmed over it, and we can find / + , M2, a* such that 
Mi < s M 2 , /* D /, /* an isomorphism from M' 2 onto M 2 and f*(a) = a*. 

Now /*(M^),Mi = /*(M(),M 2 = f*(M^) and a* witnesses the regularity of p. 
lb) The if direction is obvious (same witnesses). 

For the other direction assume that Mq, Mi, M 2 , a witness that p G ,y hs (M) is 
regular. There is Mq such that M < s Mq < s Mi such that Mq is (A, *)-brimmed 
over Mq and Mi is (A, *) -brimmed over Mq. Clearly there is an isomorphism / 
from Mq onto M and it can be extended to an isomorphism / + from Mi onto Mi. 
Without loss of generality / + (tp(a, Mi, M 2 )) = tp(a, Mi, M 2 ) (as both types does 
not fork over Mq and Mq, Mi are isomorphic over Mq hence there is g G Aut(M^) 
over Mo such that g(tp(a, Mq, M 2 )) = f~ 1 (p). Hence replacing / by / o g we are 
"done". Using / + we can find /*, M' 2 , 0! such that /* D f + is an isomorphism from 
M 2 onto M2, f*(a) = a' and (/*(M ), Mi, M' 2 , a') is a witness to p directly regular. 
2), 3), 4) Similar. 

5) Because if Mi is (A, *)-brimmed over M and p G ^ bs (Mi) and q G ^(Mi), q ^ 
p,q \ M =p \ M Q then rk(p) = rk(p \ Mq) > rk(q), see 2.19(4) + 2.22. Dio.3 

10.4 Claim. 1) If M < s N and M is (A, *)-brimmed, then for some c G A^\M the 
type tp(c, M, N) is regular^ (hence regular). 

2) If Mq < s M < s N,M is (\,*)-brimmed and p G ^ bs (M ) is realized by some 
member of N\M and M is (A, *)-brimmed over Mq, then for some c\ G N\M 
realizing p we have tp s (ci,M, N) is regular. 

Proof. 1) Choose c G N\M such that rk s (tp s (c, M, N)) is minimal. Then choose 
(A, *)-brimmed Mq < s M such that M is (A, *)-brimmed over Mq and tp(c, M, N) 
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does not fork over Mq. 

2) Choose c E N\M realizing p with rk s (tp s (c, M, N)) minimal. Let a\ E Mq 1 
realize p \ M±, let / be an isomorphism from M\ onto M (exists as there is M~ < s 
M such that M is (A, *)-brimmed over M~ and p does not fork over M~ . dicu 

10.5 Claim, [s = t + , t is X-good + successful with primes or just s is super i-local 
t with primes [Saharon]]. 

Assume (M, N, a) E Kf hs ,p = tp B (a,M,N) and q E ^ bs (M) and Mq E 
K t , M < m M (so M is (A, *)-brimmed [if s = t+J). 

1) If p does not fork over M then 

(a) p is regular (for s) iff p \ Mq is regular (for t) 

(b) Similarly for regular 1 ' 

(c) if (M, N, a) E iff ' pr and c E N\M realizes p \ Mq then c realizes p. 

2) There is a regular^ type p\ E =5^(M) not orthogonal to p, and realized in N 
such that rk s (pi) < rk s (p) and rk s (r) < rk s (pi) =>- r_Lp for r E S^ S {M) or just 
r E y s (M'),M < s M'. Question : Is s not t? 

3) If p, q are regular^ not orthogonal, then q is realized in N and rk s (q) = rk s (p). 

4) If M* < 5 M,p \ M* = q \ M* ,p ^ q,p does not fork over M* and p is regular 
then p±q. 

5) If p is regular^ and rk s (g) < rk s (p) then p.Lq. 

6) Let pi E ,y^ s (M) be not orthogonal to p with minimal rank. Then 

(a) pi is realized in N and is regular^ 

(P) if p is regular and (M, N 1 , a 1 ) E K s ^[ then p is realized in N 1 . 

7) If ai E N\M and pJ.q and (M, N, a) E Kf w then tp 6 (ai, M, N)±.q and M' < s 
M k p±M' tp s ( ai ,M,N)±M'. 

8) If p, q are regular not orthogonal then q is realized in N . 

Proof. For the case s = t + let (M a : a < A + ), (iV a : a < A + ) be <^[ t ]-representation 
of M, N respectively. Without loss of generality (M, N, a) E iff' pr and a < X + =>- 
{M a , N a , a) E iff' uq and a < (3 NF t (M a , N a , Mp, Np) hence (M a ,N a ,a) E 
iff' pr [used?] and a < (3 =>- Np, Mp is (A, *) — t-brimmed over N a , M a respectively. 

1) Easy, (see 2.20 which deals with rk, but the proof works). 

2) Choose pi E bs (M) realized by some c\ E N\M with rk s (pi) minimal and let 
Ni < s N be such that (M, N u a) E iff ' pr . Now p x is regular+ by 10.3(2), (3) it is 
realized in N as exemplified by c\. Also rk(pi) < rk(p) by the minimality of rk(pi). 
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Lastly, assume r G ,y hs (M'), r±p, M < s M'; without loss of generality M = M' 
(see 8.14 and its proof). Without loss of generality p,p\,r do not fork over M , 
so as A" is A^-saturated (for K l ) there is c 2 G N realizing r \ M such that 
{a, C2} is not independent over Mq inside N. Now this implies C2 ^ M hence 
rk s (tp s (c2, M, AT)) > rk s (pi) so necessarily using 2.20? rk s (r) = rk t (r \ Mo) = 
rk t (tp t (c2, Mo, N)) > rk s (tp s (c2, M, N) > rk s (pi) as required. 

3) First assume rk(q) < rk(p). 

Without loss of generality p, q does not fork over M , so p \ M ,q \ M are 
regular + not orthogonal (by part (1) and by 6.11 respectively). As a G N realizes 
p I" M and A" is A^-saturated there is c G A" realizing g \ M such that {a, c} is 
not independent over M inside A" for t. Hence c ^ M, hence rk s (tp s (c, M, A 7 ")) < 
rk t (tp t (c,M , AO) = rk B (g) < rk s (p) so rk s (tp s (c, M, A 7 ")) = rk(p). 

As p is regular" 1 " and (M, A 7 , a) G i^s,p r this implies that rk g (tp s (c, M, A 7 )) is equal 
to rk s (p), hence to rk s (q), so necessarily tp s (c, M, A 7 ) = q and rk s (p) = rk s (g). We 
are left with the case rk s (p) < ik s (q). But then interchanging p and q (and 
replacing A 7 , a by others) we get a contradiction. 

4) Without loss of generality Mq =: M* n M < t Mi and p does not fork over it. 
Without loss of generality and p and q does not fork over (are witnessed by) Mq 

and p \ Mi and p.Lq 4=> (p f Mo-Lg \ Mo). Assume toward contradition that p ± q 
hence for some c G A" realizing g |~ Mo, {a, c} is not independent over Mo inside 
N, hence c G N\M. So choose c' G A^\M realizing q \ M with rk s (tp s (c', M, A 7 )) 
minimal, and choose a < A^ such that M a < t A 7 ' < t A'q, and tp(c', M, A 7 ) does not 
fork over M a and d G A 7 ^ and (M a ,N',a) belongs to AT t 3 ' uq hence to AT t 3 ' pr , and 
N' is (A, *) — t-saturated over M . 

So Mq, M a , A 7 ', a,p I" M a ,d contradict "p f Mi is t- regular (check Definition 
10.2(1)). 

5) Proof similar to (3). 

6) Clause (a): as in the proof of part (2). 
Proof of Clause (0) : 

By clause (a) we know that pi is realized in N, so without loss of generality N 1 << 
N hence a 1 G N. Without loss of generality both p and pi does not fork over Mo 
and so as in earlier cases there is c G N 1 realizing p \ M such that {c, a 1 } is not 
independent in N over M . This implies c G A rl \M hence by clause (c) of part (1) 
we know that c realizes p, as required. 

7) Easy. 

8) Let pi G 5? (M) be not orthogonal to p of minimal rank, and let q\ G (M) 
be not orthogonal to q of minimal rank. By part (6), clause (a) pi, q± are regular" 1 ". 
By part (6) clause (a),pi is realized in N say by a±. Nowpi ±qi (apply twice part 
(6)(/3) + (7) to get (pi_L(/i =3- p.Lq)), hence by part (3) some bi G A" realizes q\ hence 
by part (6) clause (/?) (applied to q, q±) some b G A" realizes (/, as required. 

did. 5 



104 



S AHARON SHELAH 



10.6 Conclusion. 1) Non-orthogonality among regular types is an equivalence 
relation. 

2) For regular p, q G y hs (M) and r G y(M) we have p±q, q ±r ^ p ±r. 

3) For p, r G y (M), g regular, p ± (/, (/ ± r we have p ± r. 

4) For nonorthogonal p,q E y hs (N) and M < s A/", we have p_LM g_LM). 
[Saharon: with categoricity use (s, t) , s saturated over t. 

10.7 Claim, [s categorical in A s ]. 

1) If M < s N and p G ^ s bs (iV) is not orthogonal to M then there is q G ^ s bs (iV) 
not orthogonal to p, conjugate to p (i.e., f(p) = q for some f G Aut(M)) and q 
does not fork over M . 

2) If {Mi : i < 8 + 1) is < s -increasing continuous and M§ ^ Ms+i, then for some 
c G M$ + i\M$ and nonlimit i < 6, we have tp(c, M§, M$ + i) does not fork over Mi, 
and is orthogonal to Mi-i if i > so s has enough regulars (see Definition x.x). 

3) If in part (2), q G y^ s (Ms) is regular realized by some member of Ms+i, then 
we can demand tp(c, Mj, M$+i) is conjugate to q. 

4) In part (1), if for some M$ is (A, *)-brimmed over Mq, then we can get q conju- 
gate to p over M . 



Proof. 1) Let r G y hs (M) be not orthogonal to p. Let (M a : a < u), (N a : a < u) 
be as in the proof of 8.14, i.e., M = M w = U{M n : n < u},N = N u = U{iV n : 
n < u}, NF s (M n , N n , M n+1 , M n+1 , N n+ i) and M n+1 , N n+1 is (A, *)-brimmed over 
M n , N n respectively; without loss of generality p does not fork over iVo and r does 
not fork over Mq. We can find (fi : i < A + ) such that fi +i is a < s -embedding of 
iVo into M over M , fo = idjv , such that (fi(N ) : i < ui) is independent over M 
(see 8.14) and clearly f t (p \ N )±q \ M , hence f t (p \ N ) ± M . By 8.14 clearly 
p \ Nq ± fi{p \ No) and let q G y (N) be a nonforking extension of f\{p \ Nq). 

2) By 10.4(1) for some d G M$+i\Ms, the type tp(<i, Ms, M$+i) is regular, and 
apply part (3). 

3) Let j = Min{z < 5 : q ± M { }, as q ± M s clearly j is well defined. By 6.10(2), j 
is a nonlimit ordinal and by part (1) there is r G y hs (M§) not forking over Mj not 
orthogonal to q and conjugate to q hence r is regular and by 10.6(4)a is orthogonal 
to Mj 1 for ji < j but not orthogonal to p. 

By 10.5(8) some c G M 5+1 \M S realizes r. 

4) Easy. Dio.7 

10.8 Claim. 7/NF s (M , Mi, M 2 , M 3 ) andp G ^ s bs (M 3 ) is re#«Zar andp±M 1 ,p± 
M 2 thenp±M . 



Proof. FILL (used in 12.9). 
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10.9 Claim. 1) Assume 



(a) s is super i-local 

(b) t is weakly successful with primes, categorical in At. 



Then the conclusion of 10.7 holds. 

2) If 5 satisfies 10.7(1) then it satisfies 10.7(2), (3), (4). 



Proof. 1) By part (2) it suffices to prove 10.7(1), it holds by the same proof using 
9.10(8) instead of 8.14. 



10.10 Definition. We call (M, J) G W regular if c G J 2 =>• tp(c, Mj, M i+ i) is 
regular; we say "regular except J" if c G J are excluded. 

10.11 Claim, [s categorical in X s or just the conclusions of 10.7.] 

1) Assume M < s N and J C 1m, n is independent in (M, N). Then we can find a 
prime (M, J) G iff' ar with J C J , M = M, N = U{M n : n < uj} and (M, J) is 
regular except (possibly) J. 

2) If (M, N, a) G Kg ,uq then we can find prime regular (M, J) G ' ar with J = 
{a}, M = M,N = U{M n :n<oo}. 

3) If N < s Ni < s N 2 , c G AT 2 \AT 1 ,tp(c, N u N 2 ) ± A^" then for some b G iV 2 \iVi the 
type tp(6, Ni, N 2 ) does not fork over N and is regular. 

Proof. 1) Like the proof of 3.8 using 10.7(2). 

2) Follows. 

3) Apply part (1) with (N u N 2 , 0) here standing for (M, N, J) there and get (M, J) 
as there. If for some c G Jo, tp(c, M , Mi) ± A^" , then by 10.7(3) we get the desired 
conclusion. Otherwise, we get contradiction by claim 10.12 below. □10.11 

10.12 Claim. If(M, J) G if s 3,ar is prime, N < s M andc G J =>• tp(c, M , M X )±N 
then M Q < s n [jM n (see Definition 5.7(2)), i.e., every q G y bs (M Q ) not forking 



2) Same proof. 



n 



over N has a unique extension in ,y hs ( M M n ). 




Proof. Easy (put in §5?). 
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10.13 Definition. 1) For M < 5 N let 1^ = {c E N : tp(c, M, N) is regular}. 
2) For M < s N, we define on I T ^ N a dependence relation called the (M, iV)- 
dependence relation by: 

(a) J C I T ^ N is (M, N) -independent if it is independent 

(b) c G J Y mn * s (.M, iV)-dependent on J C J^n — there is an independent 
J'C J such that c G J' or J U {c} is not independent. 

We omit (M, N) if clear. 

Remark. We can use only regular" 1 " types; somewhat simplify. 

10.14 Claim. Assume M < s N. 

1) The relations in 10.13 and their negations are preserved if we replace N by a 
< s -extension. 

2) If Ji, J2 C I T ^ N are (M, N) -independent, every b G J2 does (M, N)-depend on 
Ji and c G i T ^ N depend on J2, then c G (M, N)-depend on Ji. 

3) The (M, N^)- dependence relation satisfies the axioms of dependence relation, such 
that dimension is well defined. 

4) J Q ^mn i s a maximal (M, N) -independent subset ofI r ^ N iff (M, N, J) G K^ ,uq 
iff (M, AT, J) GK s 3 ' qr . 

5) If 2? C {p G ,y hs (M) : p regular} is a maximal set of pairwise orthogonal types 
and J C l r MN> Then we can find J', / such that: 

(a) J' C I^jy is (M, AT) -independent 

(b) h is a function from J onto J' smc/i i/mt /i(c), (M, N) -depend on {c} 

(c) cG J'^ tp g (c, M, N) G 

Proof. Straight. [Details???] 

10.15 Claim. 1) Assume Ji C Im,jv f or i < i* and i 7^ j & a G & 6 G Jj =>• 
tp s (a,M,N) ±tp(b,M,N). 

Then 

(a) i ± j => J* n Jj = 

(/?) U{Ji : % < i*} is independent in (M,N) iff for each i,Ji is independent in 
(M, N). 
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2) Assume J C I T ^ N and £ is the following equivalence relation on 1m, n '■ ^Eb 45 
tp(a, M, N) ± tp(6,' M, N). Then J is independent in (M, N) iff3/(a/S') is inde- 
pendent in (M, N) . 

Proof. Easy. 

10.16 Remark.: 1) Say on weight and simple; so 8.3 and (M,N,c) G K 3,pr ; here? 
2) Where [s saturative] if M < s M 1 < s M 2 , tp(c, M 1 , M 2 ) JL M and (M , M 1 , J) G 
K s 3 ' vq then (M , M 2 , J) G if s 3 ' vq ? 

For more on groups see [Sh:F569]. 

10.17 Claim. Assume 

(a) M < s N are superlimit 

(b) if p G ,y hs (M) is regular then for some regular q G ,y hr (M) we have 
dim((/, N) = X s andp±q, (see Definition 5.12, ? . 

^> scite{ 705-5. 1A} undefined 

Then N is (A, *)-brimmed over M. 
[Used in 12.34. (is 6.orth.x)] 

Proof. FILL! 

10.18 Claim. If NF S (M , M 1 , M 2 , M 3 ),p e y hs (M 3 ) is regular and p±M u p±M 2 
then p ± Mq . 
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§11 DOP 

Note that this is meaningful for non-excellent frame. 

Question : Change the framework to super local 5? or s super t-local? 

On weight: see 11.5, 11.6, 11.7. Main gap for describing M a G K g where < s -extend 

a fixed N. 

11.1 Hypothesis, s is A-good + frame which is successful, with prime models (see 
below), such that i^' uq = K 3 x ' pr . [check] 

Let £ G K x+ be saturated over A. 

11.2 Definition. 1) We say s has DOP if: we can find Mg (for £ < 4) and ag (for 
£ = 1,2) and q which exemplifies it, which means 

(a) NF 5 (M , Mi, M 2 , M 3 ) 

(b) (M ,M e ,ag) Gi^' uq for £=1,2 

(c) (Mi,M 3 ,a 2 ) Gi^' uq 

(d) q G ,y hs (M 3 ) is orthogonal to Mi and to M 2 . 

2) Above we also say that (pi,P2) has the DOP if there are Mg (£ < 4), ag (£ = 1, 2) 
exemplifying it which means exemplifying DOP and tp s (a^, Mo, Mg) \\pg; we say 
(P17P2) has the explicit DOP if tp s (a^, M , Mj) = pg for £ = 1,2. 

3) We say s has NDOP if it fails to have DOP. 

11.3 Claim. 1) If Mg(£ < S),a e (£ = 1,2) satisfies clauses (a), (b), (c) of Defi- 
nition 11.2 and (^1,^2) = (tp(ai, M , Mi), tp(a2, M , M 2 )) has the explicit DOP, 
then replacing M 3 by some M^,M\ U M 2 C M3 < s M 3 clauses (c), (d) hold. 



Proof. 1) Let Mg (£ < 4),a t {£ = 1,2), q' exemplifies (pi,P2) has explicit DOP, so 
Mq = M, tp(a^, Mq, M'f) = pg. By uniqueness of primes we are done. 
[Saharon: need!] 

[Or first find M 3 such that (Mi,M 3 ,a 2 ) G Kl' uq then as (M ,M 2 ,a 2 ) G K 3 x ' pr 
there is <^-embedding / of M 2 into M 3 over Mo U {a 2 }, let (7 G AUT(CC) extend 
/U id Ml (exists as NF(M, Mi, M 3 , €) and NF(M, Mi, /(M 2 ), €)), so ^ _1 (M 3 ) is 
as required.] Qn.3 
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11.4 Claim. 1) [s has NDOP see Definition 11.2.] Assume 

(a) NF s (M ,Mi,M 2 ,M 3 ) 

(b) (M , M e , a e ) G K s 3 ' uq for £=1,2 

(c) (M 1 ,M 3 ,a 2 )GK s 3 ' uq . 

Then 

(d) (M 2 ,M 3 ,ai) Gi<f uq . 

2) 7/NF s (M , Mi, M 2 , M 3 ) and (M , M>, a*) G if s 3 ' uq /or £ = 1,2 then the following 
are equivalent: 

(a) M 3 is < s -minimal over Mi U M 2 
(/?) (Mi, M 3 , a 2 ) G -ftT 3 ' uq 
( 7 ) (M 2 ,M 3 ,ai) G 



'3,uq 



Proof. 1) If this fails, then by 7.9 we can find M^ < s M 3 , (M 2 ,M^,ai) G i^' uq 
and 6 G M 3 \M 3 such that tp(&i, M 3 ,M 3 ) is not orthogonal to M . Hence by 
the Definition of "a type is orthogonal to a model" there is c £ £ such that 
tp(c,M^,C) G y hs (M^) does not fork over M and b. By the choice of 

c, c 1JJ Mg but a\ 1JJ a 2 hence {ai,a 2 ,c} is independent over M hence {c, a 2 } is 
M " M 

independent over (Mo, Mi). Also c is independent over (Mi, M 2 ) hence c is indepen- 
dent over (Mo, M 3 ), i.e., tp(c, M 3 , (£) does not fork over Mo hence by monotonicity 
tp(c, M 3 , <£) does not fork over M 3 . By the choice of 6 this contradicts c W^' 
2) Similar. 

[ Question : can move to §5, ignoring regularity?] Dn.4 



11.5 Definition. Assume Mi,M 2 G K s , 2? C ^[Mi] =: U{^(iV) : N < A[s] 
Mi,iV G if s }. Then M x < S) ^ M 2 means that Mi < s M 2 and if p G the 
nonforking extension of p in 5? S (M() for £ = 1, 2, then p 2 is the unique extension of 
l>\ in ./ f ,(.\/ 2 ). 
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11.6 Claim. Let M E K a , 0? as in 11.5. 

1) <s,3*> is a partial order on {M' : M M' E K s }. 

2) If {Mi : i < 5) is -increasing continuous, 5 < X + and Ms = Mj then 
i<5^M t < S ,^M S . 

3) If re y^ s (M) is orthogonal to every p E & and (M, N, a) E K*ffi, 
tp 5 (a, M,N) = r then M < 5 ^ N. 

4) M < Sj gn N iff there is a pi -decomposition (Mj,aj : i < a) of N over M (so 
letting M a =: N,Mi is < s -increasing continuous, M = M\(Mi, M i+ \, a,) E Kg' pr 
and) tp s (aj, Mi, N) ± for every i < a. 



Proof. Straight. 

11.7 Claim. 1) Assume p E y s (M) and 

(*) 2? is a type base for M which means: 

(a) & C &>[M] = U{J^ bs (iV) :N< S M, (so N E K 5 )} 

(b) for every q E ^ s bs (M) there is r E & not orthogonal to it. 



Then we can find a decomposition (Mi : t < n), (a,£ : i < n) such that 
(i) M = M, 

(ii) p is realized in M n , and 

(Hi) for each £ < n, either tp s (ag, Mi, Mg + i) is a nonforking extension of some 
q E 2? or tp (ai, Mi, Mi + i) is orthogonal to M (can be waived if K a ,uq = 

kI* v ). 

2) Assume that s has NDOP and NF S (M , M x , M 2 , M 3 ) and (M ,M e ,a £ ) E 

for 1 = 1,2 and (M 1 ,M 3 ,a 2 ) E K^ pr . Then ^(Mi) U ^ s bs (M 2 ) is a type base 
forM 3 . 

3) [??] If ((Mi : i < a),{a,i : i < a)) is a decomposition of M a over Mo, so 
(Mi,Mi,ai) E iff' pr , iV, M i+1 then {p : for some i < a,p E ^ bs (M i+1 ) and 
p±Mi} U y s bs (M ) is a type base for M a . 



Proof. Easy. 



CLASSIFICATION THEORY OF FRAMES AND CLASSES 111 

11.8 Claim. Assume 

(a) (M; : £ < 4), (a e : £ = 1, 2), q are as in 11.2 

(b) a k E <£ realizes tp(a^, Mo, Mg) and (af : I = 1, 2 and = 1, 2) independent 
over Mq 

(c) <^ £, f\ is an isomorphism from Mi onto M k over M for £ = 1,2, 
k = 1, 2 and fjf(ai) = a\ 

(d) (MfSM^aJ 3 ) G K s 3 ' pr 

(e) / fcl ' fc2 ^ an isomorphism from M 3 onto M kl ' k2 < A <£ extending f^ 1 U J^ 2 
(/) g fcl ' fc2 = f kl,k2 (q)- 

Then the types q 1,1 , g 1 ' 2 , g 2 ' 1 , g 2 ' 2 are pairwise orthogonal and each of them orthog- 
onal in Mj? for i = 1, 2, Jfe = 1, 2. 

Proof. Straightforward. 

11.9 Claim, s fcas DOP z#s+ /ias DOP. 

Proof. FILL! Straight. Decide! 

Our aim is to get strong nonstructure in A ++ when s has DOP. [Why in A ++ ? We 
have quite strong independence but it speaks on A-tuples, hence it is hard to get 
many models in A + , and if we deal with K^ ++ , why not ask A + -saturation. Using 
[Sh:F569] we hope to deal with K s x+ , too.] 

11.10 Definition. 1) We call a an approximation or an s-approximation (in sym- 
bols a G 21) if a consists of the following objects, satisfying the following demands 

(a) If, 1% disjoint index sets of cardinality < A + 

(b) R a C II x 1$, we write sR a t for (s,t) G R a , ~^sR a t for s G 7f, 

tel^(s,t)£R a 

(c) Mf for £ < 4, af for £ = 1, 2 and g a exemplifying DOP 

(d) M fl G 7l" A + saturated (so G 7T A +[s+]) such that M fl <^ M a 

(e) fl t an <^-embeddiing of M/ into M a for £ = 1, 2, t G 7/ and we let Mf t = 

if) i a i,t : ^ = 1, 2 and t G 7/} CI M ., M a is independent over A7 °; hence 
(Mf t :£=l,2,te If) is independent 

(g) if si? a t then / s Q t is a <^-embedding of Mg into M a extending /f s U f£ t ; 
we let M« t = /^(M 3 ), g« t = f s " t (g a )- 
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2) For an approximation a let ^+ = t : sR a t hence se/f and t G 1% } 

&~ = {f(q a ) '■ for some / and (s, £) G If xi"£ such that ->sR a t, f is a <^-embedding 
of M 3 ° into M extending U /£ J. 

3) Let 21 = 2t s be the class of 5-approximations. 

4) We call a* a DOP witness if it consists of Mf (£ < 4), af (£ = 1,2), q a ~ which 
are as above. If b is an approximation let b~ be defined naturally. 

11.11 Definition. 1) If a, b are approximations let a < b means: 

(a) Mf = M\ for i < 4, a£ = a\ for £ = 1, 2, ?° = q b 

(/3) If C J« for £=1,2 and R a = R b f) (Jj» x 7 2 °) 

( 7 ) far*=l,2,f elf we have /*, = 

(5) for ( S ,t)Gi2« we have = 

(e) M fl <^ M b , moreover M° <^- M fa . 

2) If (ci£ : C < <5) is <-increasing in 21 and 5 < A ++ let their union o = be 
defined by If =\Jl*' t R a =\J R a< , = for C < 5 large enough, /« t = f«< t 
for C < 5 large enough when sir^t and M a = U{M a < : C < 5}. 

Below we restrict ourselves to ^s(+) fo r the application we have in mind but K\+ 
would be also O.K. 

11.12 Claim. 1) (s, <) is a partial order. 

2) If (a.£ : ( < 5) is increasing in 21, 5 < X ++ then a = belong to 2l s is the 

lub of the sequence. 

Proof. Straight. 

11.13 Claim. 1) If a, G 2l s ,p G ^ s bs (M a ) is orthogonal to every q G s a and 
(M fl , N, a) G K*ffi then for some b G 2l s we have a < b and M b = N. 

2) Assume a G 2l,£(*) G {1,2},Y C I£_ t ^yt* £ and (M a : a < A+) is a 

representation of M a such that Mq = Mq (and of course M a+ i is (A, *)-brimmed 
over M a in &\). Then we can find b, a, (N a : a < X + ) such that: 

(A) (a) N a is < ^-increasing continuous in K\,N a+ i is (A, *)-brimmed over N a 
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(6) NF a (M a ,N a ,M a+1 ,N a+1 ) 

(c) (M a ,N a ,a) Gif s 3 ' uq 

(d) No is isomorphic to over Mq 

(e) (\jM a ,{jN a ,a)eK 3 s {l] 

a ct 

(B)(a) b G 21, a < b 

W ^(*) = -^°(*) U ^3-^(*) = ^3-^(*) 

(c) # b is .R a U {(**,s) : s G F} i/ £(*) = 1 and is R a U {{s,t*) : s G y} if 
£(*) = 2 

(d) t » is an isomorphism from Mf,^ onto N mapping a*,, to a. 



Proof. 1) Easy. 

2) First choose a, iV a to satisfy (A). Then the choice of b is actually described in 
(B); the orthogonality hold by 11.6. Dn.13 



11.14 Claim. Let a be a DOP witness and R C A ++ x A ++ be given. For a < X ++ 
let I? = {i : Si + 1 < a}, 1% = {i : Si + 2 < a}, R* a = R D (If x /£) . VFe can /rod 
(a a : a < A ++ ) snc/i that 

(a) a Q G 2l s is increasing continuous and = b 

(b) (If ,lf ,R aa ) = (I?,I?,R a ), 

(c) for (s,t) G R a for arbitrarily large (3 G (a, A ++ ) f&y some bookkeeping), 

„ ,„3/3+3, „ ,,,3/3+2 , , 3/3+2 , ,„3/3+3, . , . 

some b G M a \M a the type tp s (6, M a , M a ) zs a nonforkmg 
extension of 

(d) a a depends just on (If, _R Q ) 

(e) t/ie universe of M a is < X ++ (really 7 a = A* x (1 + a) is (3. if. /or 
nontrivial cases. 



Proof. We choose a a by induction on a. For a = this is trivial, for a limit by 
11.12(2), for a = 3/3 + 1 by 11.13(2) for £(*) = 1, for a = S/3 + 2 by 11.13(2) for 
£(*) = 2 for a = 3/3 + 3 bookkeeping gives as a pair (s Q ,t a ) and we use 11.13(1). 
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11.15 Claim. In 11. U we can add: letting M* = U{M a " : a < A ++ } 

a 

(*) for G A ++ x A ++ , the following are equivalent 
(a) (s,t)eR 

(/?) dim(^,M*) = A++ when a = Max{3s + 1,3*+ 2} that is, there 
is a sequence (6 7 : 7 < A ++ ) independent in (M° , M*) of elements 
realizing t for any a > 3s + 1, St + 2 

(check the existence of formal definition, §5 defines dimension) 
(7) there is a embedding f of into M* , extending f± S U f£ t such 
that dim (f(q a °') 1 M*) = A++ for a = Max{3s + 1,3* + 2} 

(5) for no a < X ++ and f as in (7), we have: q* G y^ s (M a ), the 
nonforking extension of f(qb) in >y hs (M a ) satisfies: for every (3 G 
(a, \ ++ ),q* has a unique extension in ^ s bs (M a ' 3 ) 
(Saharon - check in the reflections]. 



Proof. Easy. 

11.16 Claim. [2 A+ < 2 A++ ]. If 5 has DOP then I(X++,K S ^) = 2 



11.17 Remark. 1) It is a strong nonstructure (i.e., neither like for deepness, no even 
like unsuperstable. 

2) We can in 11.14, 11.15 restrict more the types realized. 

3) We may use here [Sh:e, III]. FILL! 



Proof. We use the construction above in the framework of [Sh 576, §3]. 
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§12 Brimmed Systems 
Saharon: s[fj] the canonical lifting!!! 

This section generalizes [Sh 87b], [Sh:c, XII, §4, §5]. Here every system is in the 
context of some good frame s and usually we look at models of cardinality A = A s 
(in this section), but we vary s. 

The adoption of u & s categorical in A" (in 12.2) is very helpful here but there is 
a price: when we shall work on "all A +tiJ -models in K s " we cannot just quote the 
results. Note that this restriction fits well the thesis that the main road is first to 
understand the quite saturated models. 

12.1 Convention : 1) Without loss of generality always I fl ^(Dom(/)) = 0!! 
2) In the cases we assume categoricity of K s in X s we add * (e.g., 12.3(2)). 

12.2 Hypothesis. 

(a) s is a good A-frame 

(b) _L = _L is well defined 

wk 

(c) s has primes (in the sense of Ks ,qr ) and they are unique 

(d) s is full or at least satisfies the conclusion of it "has enough regulars" (see 
Definition and Claim ?) 

^> scite{705-xxX} undefined 

(e)* & s is categorical in A = A s 

Recall (by ?) 
— > scite{705-xxX} undefined 

12.3 Claim. 1) The following 11 condition on (M,N,3) are equivalent 

©i (M, N, J) G Ks' bu which means that (M,N,3) e K s " s , and J is maximal 
(used in 1) 
— > scite{ 705-xxX} undefined 

© 2 (M, N, J) G K*' bs and if M + J C N' < s N,b G N\N' , tp(6, N', N) G 
y hs (N') then tp(6, AT', N)±M, 

© 3 (M,N,3) GK s 3 ' vq . 

"we may be interested in the case we replace K.\ ' bu by K.\ ' qr , but we have troubles enough 
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2) We have if s 3 ' bu = if s 3 ' qr . 

3) Kl' qr C K^ hg . 

4) For every M E K s ,i* < A+ and pi E y^ s (M) for i < i* we can find N and 
ai (i < i*) aucfc too*: (M, AT, {a; : i < i*}) E iff ' qr C if 3 ' bu and = tp s (a i? M, AT) 
and, of course, (a^ : i < i*) is without repetition. 

12.4 Definition. Let n* be a set (usually finite) and I a family of finite subsets 
of w* (so for it* finite this is automatic) satisfying / C ^(n*) is downward closed; 
/, J will denote such sets in this section; let Dom(J) = U{n : n G /}. 

1) We say s is an /-system or (/, s)-system or /-system for s if: 

(a) s consists of M u (for u E I), and h VjU (for u Q v E I) (mappings, with 
h UtU = idM„ so we may ignore (h UjU : u E I) when defining s) 

(6) M u E K s for u E I 

(c) if it C v e I then /i„ ^ is a < s -embedding of M u into M v , and the diagram of 
the h UtV 's commute and we let M VjU =: h VjU (M u ) and recall h UjU = idM u ; 
so if u C u C iu G / we have M W)U < s M Wi „ and M UjU = M u . 

2) We say s is a (//, /)-system or /, s)-system if we replace (b) by 
(6)+ M u E K*. 

Similarly for (> fi,I,s), etc. 

3) We shall write it* for Dom(/) and h^ u ,I s ,M^, for h UjV , I, M u , respectively. If 
h VjU = idM u for « C o £ J s and fl = M% nu for n, ?; G / we call s normal. 

4) We say g is an isomorphism from the /-system s 1 onto the /-system s 2 if g = 

1 2 

(g u : u E I),g u is an isomorphism from onto Mf such that u C i> G / =>- 
° 9u = g v ° h% 1 u . If s 1 , s 2 are normal we may say g = <7 U is an isomorphism 

u 

from s 1 onto s 2 . Similarly g is a < s -embedding of s 1 into s 2 if g u (M^ ) < g 
or 12 g u (M^) < m Mf for it G / and it C v E I =>• hf u o g u = g v o hf u . Let 

1 2 

s i <£ s s 2 if (i^M^ 1 : w G /) is a < s -embedding of into M s » for u E /, similarly 
<*[*]• 

5) We say / is an embedding of an /-system s to a model M if / = (/ u : n G /), f u 
is a < s -embedding of M u into M and u <Zv E I f u = f v o g v u . 

6) Similarly for (> yu., /)-systems, (> /, s)-systems, so we use <^[ s ]-embeddings. 

The important case here is: 



the difference is meaningful only if G K 5 \K S 
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12.5 Definition. 1) We say that d is an expanded stable (I, s)-system or /-system 
or (A,/)-system or (A, i", s)-system if it consists of s and J VjU for u C v G I such 
that: 

(a) s = (M u , h VjU : u C v G I) is an (A, 7,s)-system 

(b) 3 V , U C I Mv;U ,Mv\ u {-Ww.tu : w C u } for u C u G 7 so J UjU = 0. 

such that 

(c) if «o C «i C «2 G / and c G J U2 , Ul then tp(c, M U2)Ul , M U2 ) is orthogonal to 
M U2)U0 , recalling that M U2jUl = f U2 , Ul (M Ul ) 

(d) 3 Vt u is a maximal subset of {c G M„ : c ^ U{J„ )10 : w C «} and tp s (c, M VjU , M u ) 
belongs to ^ s bs (M) and is orthogonal to M VjW for every w C u] such that 
Jv,m U U{J VjW : w C «} is independent in (M VjU , M v ). 

1A) For «o C «! C « 2 £ i" we define (if U2 = u\ we may omit it, this catch the 
"main action", so J° 1)UljUo = J° Ul , UQ = 3 Ul ,u ) 

i 01 ) Ju 2 ,Wl,U0 = {^2,Wl( C ) : C ^ Jwi,U } 

(0) Ji 2l « llU o = U{J° U2 , Ul ,u ■ U C « } 

(7) JS 2i «i,« = U { J ° 2 ,»i,»o : w o C Wl C ui, wo C w and wi C w } 
If we omit clause (d) we say "an expanded (7, s)-system" . 

2) We say d is normal if each h VjU is the identity (on M u ) and M u fl M v = M unv , 
that is s is normal. 

3) For an expanded stable (A, 7)-system d and M G K s we say that / is an embed- 
ding (or < s -embedding) of d into M when: 

(A) f embeds s d into M, i.e. 

(a) f = (f u :uel) 

(b) f u is a < s -embedding of into M 

(c) if u C v G 7 then f u = f v o h^ u 

(d) if u G 7 then U{/ U (J^) : w satisfies it C v G 7}, is an independent 
set in (f u (M^), M) and, of course, u C Vi G 7 flu C 2 G 7 fl u 1 7^ w 2 =>• 

/«(«Jn/ u (O = 

4) We say that a normal expanded stable (A, 7)-system d is embedded into M G lf s 
if (d is normal and) / = (f u : u G 7) is an embedding of d into M when we choose 
fu = idMd- 

5) We say d an expanded stable /-system is explicit or strongly regular if: 
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(a) if u C v G I and c G J d u then tp B (c, M d u , M d ) is regular (see 12.7(2)) 

(6) if Cl ^ c 2 G J d u and u G v £ I then tp s ( Cl , M d u , M d ), tp s (c 2 , M d u , M d ) 
are equal or orthogonal. 

12.6 Notation : Above we let s d = s[d], M d = M*, /i d u = /£ >t> , J d u = 3 V , U , j£' d WljUo = 
Ju 2 ,ui,u but we do n °t wr ite the superscript d when clear from the context. 

12.7 Definition. 1) We say / is an isomorphism from the expanded stable I- 
system d 1 onto the expanded stable system d 2 if / is an isomorphism from s d 
onto s d and f v maps J d onto J d for u C i> G I. 

1A) For expanded stable (A, I)-systems di, d 2 , we say / is an < s -embedding of di 
into d 2 if 

(a) f is an < s -embedding of Si into s 2 
(P) for u C v G /, maps J dl u into J d2 u 

(/3) + moreover, if it C v G / and c G J dl u then tp s (/„(c), M d ^, M d2 ) does not 
fork over f v (M^ u ). 

2) An expanded stable (A, I) -system d is called regular if 
(/) if u C v G /, c G J d u then tp(c, M VjU , M v ) is regular. 

3) A system s is called stable if for some expanded stable system d we have s = 
s d (called an expansion of s), we call the J d u 's witnesses. Similarly for other 
properties. 

4) A (A, 7)-system s (or an expanded stable system d with s d = s) is called very 
brimmed if: 

(g) for every v G /, s is very brimmed at v which means 
(g)® M* is brimmed 

(g) l M* is (A s , *)-brimmed over U{M* U :uCv}. 

5) A stable /-system s (or an expanded stable system d with s d = s) is weakly 
brimmed if for every v G I it is weakly brimmed at v which means 

(h) ~ M* is brimmed 13 . 

13 note that if K s is categorical (in A 6 ) then this follows from the other demands 
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6) An expanded stable system d is called brimmed if for every v G I s it is brimmed 
at v which means 

(h)® is brimmed 

(h)l if u C v G I and p G y (M VjU ) is orthogonal to M VjW for every w C u, 
then the set {c G J V)U : tps(c, M UjU , M v ) ±p} has cardinality ||M„||. 

7) An /-system is [very] [weakly] brimmed if there is a [very] [weakly] brimmed ex- 
panded stable system d expanding it (so the system is stable). 

12.8 Definition. 1) We say s is a (J, s)^-system or a brimmed^ /-system when it 
is a /-system and: if £ = no additional demands; if £ = 1, it is stable; if £ = 2 it 
is a stable system which is weakly brimmed, that is each M* is brimmed; if £ = 3, 
it is stable and brimmed; if £ = 4, it is a very brimmed stable (/, s)-system. 

2) Similarly for d, an expanded stable (/, s)-system (so £ = 0, £ = 1 become 
equivalent). 

3) We say M is brimmed^ if letting / = {0}, M = M, we get that (M t : t G /) is a 
brimmed^ system. 

4) For £ = 1, 2, 3, 4 we say that an expanded stable /-system d is brimmed^ in u G / 
if the demand in Definition 12.7 holds for u (so for £ = 1: no demand). 

Notation : Let &~{u*) = {o C u, : v ^ u*}. 

12.9 Claim. Ze£ d be an expanded stable I-system. 

0) If u C v G / tfien (M* u , M*, J*£) belongs to Kj' hu ; equivalently (see 12.3) it 
belongs to Ks ,vq , recalling 3^ vu = J^- 

1) If ui Q u G /, u 2 C it, w = «i n w 2 , ^en NF S (M U)Uo , M U]Ul , M U]U2 , M u ) . 

1A) Ifu , ui, w 2 C v G J,u C «i,c G J^ )Ul)Uo and w £ «2 ^gn tp(c,M Ujti0 , M WjUl ) 
is orthogonal to M VjU2 . 

2) If ' p G ^ (M Ujti ) is regular, then there is a unique set w C u such that p is not 
orthogonal to M VjW but p is orthogonal to M VjW > whenever w' C u & w <£. w' hence 
even when w' C v & w <£. w' . 

3) d is isomorphic to some normal d' (see Definition 12.4(3)). 

4) If £ G {1,2,3} and the expanded stable I-system d is brimmed +1 then it is 
brimmed 6 . If the I-system s is brimmed £+1 and £ = 0, 1, 2, 3 then s is brimmed 1 . 

5) If uq C ii2 G / t/ien Ju 2 ,ii ^ s a maximal set 3 such that 

(a) J C M U2 is disjoint to U{M U2}W : w C 112} 

((3) for each c G J we have tp(c, M U2jUq , M U2 ) G =5^ (M U2)Uo ) anrf it is orthog- 
onal to M U2jW whenever w C uq 
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(7) J U U{ J ° 2 , Wl , W o : w i - M 2,-<wi = «2 A mi = u ) and w x u ,w C 
«o n 1^1,^0 7^ ^1} 2s independent in (M U2jUo , M U2 ); note that necessarily 
there are no repetitions in the union. 

6) Assume that in addition to d being an expanded stable I-system we have 

(a) foru (ZvEl, J' v ^ u is a maximal subset of {c G I M d^ M d : tp s (c, M d u , M d )_LM d 

for w C u and c ^ M!~ w for w C v} such that the set 3' v u U [j{Jy tWljWo '■ 
w\ C v, ->(wi = v & wo = uq), w\ <£. uq, wo C wiHuq, wo 7^ is indepen- 
dent in (M!j 1 , Mf) ; for the last phrase alternatively: 3' VjU U {h V;Wl (3' WlWo ) '■ 
w± C u, = v H wo = uq), wi <£. uq, wq Q uo H wi, wo 7^ wi} «s indepen- 
dent in (M* u , M^) 

(b) d' is defined by s d ' = s d , J^' u = J' v u for u C v e I. 
Then d' is an expanded stable I-system. 

7) If d is a brimmed 3 I-system and u <E I then M d \ U {M^ w : w C u] has 
cardinality A; moreover, for w\ C u, J UjWl is a subset of M d \ U {M* W2 : w 2 C u} 
of cardinality X. 



Proof. 0) By 12.3(1), clause (d) of Definition 12.5(1) (and the choice of 3^ in 

12.5(1A)). 

1) We have 

(i) M UjUinu2 < s M UiUi < s M u for I = 1, 2 when tiiUti 2 Ct(G/ 
[Why? Each case by a different instance of clause (c) of 12.4(1)] 

{ii) t (M u , Uinu2 ,M m J 2 mUo ) G K^ hu hence G K s 3 ' vq 

[Why? Without loss of generality U\ 7^ u 2 so U\ C\u 2 C u±,Ui C\u 2 C u 2 . By 
part (0), we know that (M U£jUinu2 , M Ue , 3\ u ) G i 5 ^' u and by the definition 
of Ju, ue ,u we know that /i^^ maps this triple to the one mentioned in clause 

(ii)e\ 

Ju,ui,iiinu 2 >*'ii,u2,uinu2 are disjoint 

[Why? E.g., as on the one hand JS, Ul , Ul n« 2 £ J£ itt2 and j£ >t4a is disjoint to 

M U)U2 and on the other hand (M UjU2 , M UjUl n U2 , J^ Ul , Ul n« 2 ) G ^ 3 ' bu hence 
T 2 C M 1 

[Why? By their definitions] 

( v ) J«,« 1 ,« 1 n« 2 UJ «i,« 2l «in« 2 is independent in (M UiUinu2 ,M u ) hence in (M U)Uinu2 , M UjWlUU2 ) 

[Why? By monotonicity properties.] 
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Now by 5.18(3) we are done. 
1A) By Part (1) and 6.10. 

2) As / is finite, there iswCu such that p is not orthogonal to M w but is orthogonal 
to M VjW / if w' C w. The "hence" follows by part (1) and 10.8 (or use part (1A)). 

3) By renaming; possible as M VjUl C\M VjU2 = M VjUintl2 whenever u±, U2 Q v by part 
(1) and properties of NFg. 

4) The least easy part is £ = 3. So we have to check clauses (h)®, {h)\ of 12.7(6). 
For the first, clearly every M d ("U G I) is brimmed, see clause (g)® in 12.7(4) so only 
the second clause {h)\ there may fail. 

Assume toward contradiction that u C v G I,p G <y^ s (M^ u ) and the set J =: 
{c G J d u ■■ tp(c, M d u ,M d ) ±p} has cardinality < A s . By Definition 12.5(1), c G 
J2;«\J«,'« tp(c, M d u , M„)±p hence we have J 1 =: {c G J„ 2 : d : tp(c, M* u , M„ d ) ± 
p} is equal to J so it still has cardinality < X s . 

By the assumption there is such that Li{M^ w : w C v} C A < s M d and 
M d is (A, *)-brimmed over N. Hence there is I of cardinality A g independent in 
(M d u , A, M d ) such that tp(c, A, M d ) is a nonforking extension of p G ^ bs (M d u ) 
for every c G /. By dimension calculus (see Claim 10.17 or 6.4, we get contradiction 

to(M d u ,M d ,j2;d) G K3,bu_ 

5) , 6) Left to the reader using the dimension calculus (recalling (7)). 

7) The first conclusion follows from the second which holds by parts (0) + (1) (and 
clause (d) of Definition 12.9(1)). Di2.9 



12.10 Conclusion. [Density of explicit expanded stable systems, see Definition 
12.5(5)] Assume: 

(a) s is a stable /-system 

(b) for each u G I s , P u C {p G y 5 bs (M B ) : p is regular orthogonal to M d TO 
whenever w C u] is a maximal subset of pairwise orthogonal regular types. 

Then there is an expanded stable /-system d* such that: 

(a) s d * = s 

{(3) d* is regular, moreover, d obeys P = (P u : u G I d ) which means: 

E if u C w G I d and c G J d u then for some q G P u we have tp s (c, M d u , M d ) 
is q 



(7) d* is explicit. 
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Proof. Note that (7) follows from (/?). This holds by 12.9(6) and 10.14(5). D^.io 

12.11 Claim. Assume £ G {1,2,3,4} and 

(a) dfc is an expanded stable (X, I) -system for k = 1,2 
(6) s dl = s d2 . 

Then di is brimmed 1 iff d 2 brimmed?. 

Proof. The least easy case is £ = 3, see Definition 12.7(6), which is similar to 12.10. 

Ql2.ll 

12.12 Definition. 1) For expanded stable /-systems d , di let d < s di or d < T S 
di mean 14 that: 

(a) M d ° < s M dl for u G I and h^ u C fr dl u for u G u E I 

(b) J% C J* for u C u G 7 

(c) if c G J d ° u then tp s (c, M dl u , M dl ) does not fork over M d ^. 

2) We say that J is a successor of I if for some t* ^ Dom(J) we have J = 
/ U {a U {f } : u G 1} and we call t* the witness for J being a successor of I; 
so Dom(J) = Dom(J)U{f}. 

3) For stable /-system s ,Si let 15 s < s Si or s <f Si mean that for some expan- 
sions d , di of So, Si respectively we have d <f di. 

4) Assume that d < T S di and J is a successor of I with the witness t* and 

(*) [ucv E I] k c G J d 5 \AJ d 5 ° u =>• tp s (c, M d ^, M dl ) either does not fork over 
M d ^ or is orthogonal to M d ^. 

Then we let d m do * j di mean that d = (M d , u , Jy u : u C v <E I) (but note that 
d is not determined uniquely by d , di, J as we have freedom concerning J^u^*} u 
for u G I, still we may use do *j di for any such d) where 

(a) M d is M d ° if it G / 
(6) J d u = J&if uCvgI 
(c) M*isM* {t . } if«e J\/ 

14 in Definition 12.7's terms this means that (id d : v £ I) embeds do into di 
15 this relation, < s , is a two-place relation, we shall prove that it is a partial order. 
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(d) J d u = {ce Jt\{t*},u ■■ c i J t\{t*},u and tp s (c,M*l,M«i) does not fork 
over M d ° {r}j J if u G I, v G J\I, uCv 

(e) J^, u = {c G Jj\ {t . })tt \ {t . } = tp a (c,M^ {t . }M{t , } ,M^) is orthogonal to 
A^ d \°r+*i \r,,ij if «C u are both from J\J 

(/) h* u is: fe^ if u c v G I; h* v is h^ u if t G u C u G / and < „ is <»„ if 

v = U {£(*)}, u C Vi <E I 
(9) 3tu{t(*)},u is a maximal subset of {c G : tp s (c, M d °, M dl ) G ^ s bs (M d °) 

is orthogonal to M d ° for every iu C it} which is independent in (M d °, M dl ) 

for every u G /. 

4A) Similarly for s = So *j si (but now s is uniquely determined). 

5) If S < A+ and (d Q : a < 5) is a ^-increasing sequence of expanded stable 

/-systems (see 12.13 below) then we let d = [Jd Q be (M d ,/i d u , J d u : u C v e I) 

a 

where M d = U{M d « : a < 5} and < u = U{M d « : a < 6} and J* u = U{J d « : 
a < 5}. Similarly for (s a : a < 5). 

12.13 Claim. 1) <l is a partial order on the family of expanded stable I -systems. 

2) If 5 < A+ and (d Q : a < 5) is <l -increasing sequence (of expanded stable I- 
systems) then d = [^J d a is an expanded stable I -system and a < 5 =>- d a <l d. 

3) If d <i di and u C v G 7 i/ien NF s (M d ^, M d °, M dl u , M„ dl ). 

^ 7/ do <l di and d is an expanded stable I -system satisfying s d o = s d ° then we 
can find an expanded stable I -system d[ such that d' <l d' x and s dl = s dl . 

5) The relation <l on the family of stable I -systems is a partial order. 

6) In Definition 12.12(4), always there is d such that d « d *j di is an expanded 
stable (X, J) -system; similarly without "expanded". 

7) For I -system Si , S2 we have si < s s 2 iffs 1 < s 2 and it NF S (M^ 1 , M^ 1 , M* 2 , M^ 2 ) . 
Proof. 1) Obvious. Check the definition. 

2) First we prove this for stable expanded systems. The main point is why, for 
u C v G 7, the triple (M d M , M d , Jj d ) belong to 7i" s 3 ' bu . This holds by 12.3. 

Second, for stable systems, given (s Q : a < 5),Ss =: s we choose by induction 
on a < 5 an expanded stable /-system d a such that s da = s a and (d^ : (3 < a) is 
increasing continuous. For a = this is by the definition, for a = (3 + 1 by part (4) 
below (which does not rely on parts (2), (3). Lastly, for a limit use what we have 
proved for stable expanded systems. For a = 5,ds witnessed which we need. 
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3) As in the proof of 12.9(1). 

4) As in the proof of 12.9(6). 

5) Being partial order follows by (4) and (1). The union of increasing continuous 
sequences follows by (4) and (1). [Note that the cases of non-continuous chains 
are problematic, those are parallel of AxIIl2 of a.e.c; compares with 12.15.] As for 
brimmed^ for d's version: if £ = 1 this is trivial; if £ = 2 this is as "the union of an 
increasing chain of brimmed model" (for s) of length < A + is brimmed. Lastly, for 
£ = 3, by the finite character of nonforking (= Ax(E)(x)) and the definition. 

6) Easy by §10. 

7) Think (that is let be an expanded /-system with s[d^] = for £ = 1,2. Now 

we shall choose J' v u for u C v G I such that di <l d' 2 where s[d^] = s 2 , J v % = J' v u - 
We do this by induction on (v), as in previous cases). Di2.i3 

12.14 Claim. Assume 

(a) Si is a stable I-system 

(b) s Q is an I-system 

(c) M*° < s M? foruel and h s v ° u C h s v ] u foruCvel 

(d) tfudvel then NF 5 (M^ U ,M^,M^ U ,M^). 

Then sq is a stable I-system and sq <f s\. 



Proof. Let di be an expanded stable /-system such that s dl = si. For each 
u C v G / we choose l VjU as a maximal set such that 

(i) I v , u C M*°\\j{Ms° w : w C v} and for any c G I v , u we have tp s (c, M£° u , M*°) G 

y bs (M*°) is orthogonal to M^° w whenever w C u 
(ii) I VjU U {Jl% jWo : w C w x C v,w C u} is independent in (M^ u , M^ 1 ). 

Let 3' v u be maximal set such that 

(t) J' v>u C U {M^ w :»C.} 

(**) J U u { J ^,»i^o :w oCwiCi),ffl 2 C w} is independent in (M^ U ,M^) 
(Hi) l VjU C J(, jU . 

So by 12.9(6), d^ =: (M^ 1 , h* 1 ^, J' v u : u C u G /) is an expanded stable /-system. 
Also d =: (M*°, : u C i> G /) is an expanded stable /-system. Now easily 

= s d ^ and d <[ d[. 

So we are done. Di2.i4 
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12.15 Claim. Assume J is a successor of I with witness t* . 

1) Assume so,si are stable I-systems satisfying so <l s\. Then 

(a) for one and only one s, s = so *j s\ 

(b) s is a stable J -system. 

2) Assume that 5 < A+ and (s Q : a < 5) is a <l -increasing continuous sequence of 
stable J -systems and s a is brimmed? for a < 6 and I < 3 then s$ is brimmed 1 and 
s„ <i s$ for a < 5. 

3) Assume that s is successful hence s + is as in 12.2 and I = 3. If (s Q : a < A+) is 
a <l -increasing sequence of stable I-systems and s Q *j s a+ i is brimmed 1 for each 
a < X + then s = U{s a : a < A+} is a brimmed? (A + , I, s) -system. 

4) In part (3), if 6 = A+ and I G {0, 1,2} and a G / => M* e K s (+) then s is 
brimmed (I, s + ) -system. 



Proof. 1) Clearly s is well denned. 

Recall that do <f di above does not imply that for some d, d = do * di. 
By Definition 12.12(3) there are stable expanded /-system di, d2 such that s de = sg 
and d < s di. For each u G I let P° be a maximal set of pairwise orthogo- 
nal regular types from y^ s (M*°) orthogonal to M^ w for every w C u. For each 
u G I let be a maximal set of pairwise orthogonal regular types p G S^ IS (M^ 1 ) 
orthogonal to M^ v for every w C u such that either p is a nonforking exten- 
sion of some q G P° or p JL M^°. By Claims 12.9(6), 12.10 (and see 12.13(4)), 
without loss of generality {0, l},w C u C v e I, cG 3^ u =>• tp s (c, M^\f, M^ l u ) G 
P^ and Jft, C Jji u . 

So d , di are as in Definition 12.12(4) (as J, t(*) are given) hence there is a stable 
expanded /-system d do *j di. So s = s d is as required. 

2) For I = this is just by properties of a.e.c. For I = 1 we use Claim 12.13(1) 
(we can expand s Q to d a , d a increasing continuous by Claim 12.13(4) and 12.13(5). 
For I = 2 note that the union of an < s -increasing continuous sequence of brimmed 
models in brimmed. 

For I = 3 use the basic properties of orthogonality. 

3) Easy, too. 

4) Easy, too. EI12.15 

12.16 Lemma. 1) Let I G {0, 2, 3}. Assume that s is successful (hence s + has the 
properties required in 12.2) and 

(a) J a successor of I, in details I C ^(u*) is downward closed, u* finite, 
-u** = w* U {£*}, t* £ u*, J = / U {u U {t*} :uel} 
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(b) s is a brimmed? (A + , I, s + ) -system 

(c) (M® : a < A + ) is a < ^-representation of M* 

(d) for a < X + we try to define (A, I ,s) -system s a fry = M* a ,h% a u = 
h s t M s 

(e) /or a < (3 < A + we try to define a (A, J,s)-system s aj p by 

M s u ^ = M s u ^ foruel 

^ = r ifuel,uCveJ 
K:uu { t* } = K, u \ M s u ^ ifuel,uu{t*}cvel. 

Then for some club E of A + we have 

(a) for every a G E, s Q is an (I,$)-system which is brimmed 
(/?) /or every a < (3 from E, is a brimmed (J,s)-system. 

2) Assume that i G {2, 3} and (a),(c),(d),(e) of part (1) holds for s = s d and 

(6) ' d is an explicit brimmed? expanded stable (A + , I, s + ) -system. 

Then for some club E of A + , we can define for a G d a as fre/oiw and we can /md 
(ja,/3 y or a < p from E as below such that 

(a) d Q is an explicit expanded stable (A, I, s) -system 

((3) d a,lB is an explicit brimmed? expanded stable (A + , J, s + ) -system 

(7) s[d a,/3 ] = s a '^ from part (1) and s[d Q ] = s a from part (1) 
(5) forucvei, Jj; = Jj u n Mf 

Proof. 1) We leave the case £ = to the reader, so it is enough to prove part (2). 
2) Choose for each u G I a maximal subset of P u of P* = {p G ^ s b (!|_) (M^) : p 
regular orthogonal to M* w for every w C n} of pairwise orthogonal types. 
Let d be the stable expanded (A, 7)-system and let s d = s. Now 

©1 if p G P* then for some «o = a o(p) < «i = &i(p) < A+ we have: 

(a) M® a is a witness for p 

(b) p \ My ai is orthogonal to M^ 7 iff 7 < «o- 
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For each p G P u let J v be a maximal subset of 1m s m s = U{Im s m s : 
/? G [«i(p),A+)} of elements realizing p \ M* ai ^ in M* which is independent in 

{Ml ai{p yM* u ). 

We can find a club E of A+ such that 

© 2 if 8 G E then 

(a) for u C v £ I we have < U (M* s ) = M* u n M* , 

(6) for u C u and c G J d >u , if c G M^ s then 5 > «i(tp(c, M„ s u , M")) 

(c) (M^HM^, M„ s 5 , U{j2;d i)Uo nM„ s 5 : u C u, Ul C v , Ul £ u}) belongs 
to K s 3 ' bu 

if m G I,p G P u ,ai(p) < 6 then J p fl M ^ 5 is a maximal subset of 
Im s m s of elements realizing p \ M s , v which is independent 

(e) if u C v G J and ^ < 5 2 are from £ then NF S (M^ , M« Si ,M* M , M*^ ) 

(/) if u C u G /, c G J£ jU and p = tp s (+)(c, M^ u , M^ 1 ) and «o(p) < 5 then 
«i(p) < 5. 



Let a < /5 be from i? and let s a '^ be as in part (1) of the claim. We define an 
expanded (A, J)-system d 01,13 by (recalling d is explicit) 

(a) a*"'" = s a <^ (defined in part (1)) 

(b) liudvel then J d "/ = J d ^ n M„ s a 

(c) if it C v G J, w G /, i> = fi U {t*} hence u C i>i G / then 
Jf/ = {c G Jj„ : c G Mf and a > ai(tp(c, M d „ M d ))} 

(d) if it C u G J, it = wi U {t*}, v = vi U {t*}, u C u G / then 
Jf/ = {c G J d jU : c G J d u and a < «!(tp(c, M d u , M d ))} 

(e) if it G /, v = u U {t*} then 

^v"u = i c: for some P G < « and c G Jp fl M^ )/3 \M^ a }. 

Now check. □12.16 
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12.17 Definition. Let £ G {1, 2, 3, 4}. 

1) We say that s satisfies (or has) the brimmed^ weak (A, n)-existence property if: 

Case 1 : n = 0. 

There is a brimmed^ model in K s (so always holds). 

Case 2 : n = 1 . 

If M0 is brimmed^,pi G ,y bs (M ) for i < i* < A+ then we can find c;(z < i*) and 
M {0} such that = tp(c l7 M , M {0} ) and (M ,M {0} ,{q : i < «*}) G K^' h \i < 
j =>• q 7^ Cj. 

Case 3 : n > 2. 

Every brimmed^ expanded stable ^~(n)-system d can be completed to an ex- 
panded stable (s, ^(n))-system d + , i.e. there is an expanded stable ^(n)-system 
d+ such that d+ \ @>-(n) = d; recall ^~(n) = {u : u G {0, ...,n - 1}} = 
^(n)\{n}. 

2) We say s satisfies (or has) brimmed^ weak (A, n)-uniqueness property when: 
Case 1 : If n = 0, K s has amalgamation. 

Case 2 : If n = 1. If (M, ATg, {a* : z < i*}) G if s 3 ' bu for k = 1,2 and tp(aj, M, A^) = 
tp(af , M, ATg) there is a < s -embedding / of A^ into some such that N 2 < s N% 
and /(ai) = af. 

Case 3 : di,d2 are brimmed expanded stable ^(n)-systems and d m = d m 
<^~(n) and / = (f u : u G 2?~{n)) is an isomorphism from sfd 1 ] onto s[d 2 ], then 
we can find (/, N) such that: 

(a) < s iV, 

(6) / is a < s -embedding of M^ 1 into A" 
(c) for n C n we have / o h^ u = h** u o / u . 

3) We say that s has the brimmed^ strong (A, n)-existence when : 
Case 1 : n = 0, just -fC, 7^ 0. 

Case 2 : n = 1, as in part (1) but (M , M {0} , {c; : i < z*}) G K s 3 ' bu . 
Case 3 : n > 2. 

For every brimmed expanded stable (A, ^~(n))-system d we can find an ex- 
panded stable (A, <^(n))-system d + such that d + \ £P~(n) = d and d + is reduced 
in n which means u C n =>■ J^ u = 0. 

4) We say that s has the brimmed^ strong (A, n) -uniqueness property when: 
Case 1 : If n = 0, K s categorical in A s . 
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Case 2 : If n = 1, uniqueness for Kg' hu see 7.15. 

Case 3 : n > 2 and I G {3, 4}. 

In part (2) we add N = M* 2 and / is onto N. 

Case 4 : n > 2 and £ G {1, 2}. 

The conclusion of Case 1 holds 16 if we assume (what is said in part (2) and) that 
di, d 2 are regular (or just c G J n , u =>- tp s (c, h n , u (M^ k ), M dfe ) is regular): 

□ if u C u G ^"(n) and p G ^ bs (M dl J then the cardinality of {c G 
3% u : tp s {c,M^ u ,M*i)±p} is equal to the cardinality of {c G : 
tp s (c, M d2 u , M^ 2 ) ± /(p)} assuming for simplicity dx is regular. 

5) We say that s has the brimmed^ weak/strong (A, n)-primeness property when 
n = 0, 1 or for any brimmed ^~(n)-system do and expanded stable ^(n)-system 
di which is reduced in n which means u = n =>- 3^ u = and di satisfy di \ 
g ~(n) = d we have: dx is weakly /strongly prime^ over d , see below. 

5 A) We say di is weakly/strongly prime^ over do (and also say that s dl is weakly /strongly 
prime^ over s d °) when for some n, di is a brimmed^ ^(n)-system, d = di \ 0P~{n) 
and: 

(*) if d 2 is a brimmed^ (^(n), 5)-system satisfying d 2 \ ^~{n) = d \ ^ g ~(n), 
then there is an < s -embedding / of M dl into M^ 2 such that u G £P~(n) =>- 
f ° hnu = u> an d in the strong case, for every regular p G ,5^ bs (/(M dl ) 
orthogonal to M^ 2 U for every u C n we have dim(p, M^ 2 ) = A. 

6) In (l)-(5) we may restrict ourselves to one expanded stable (n)-system or 
^(n)-system d, i.e., consider the property as a property of d; so in this case the 
brimmed ^ may refer to only u = n\ 

7) We say that s has the brimmed^ weak/strong (A, n) -prime existence if for ev- 
ery brimmed^ expanded stable (A, ^~(n))-system di there is an expanded stable 
(A, ^(n))-system d 2 which is weakly /strongly prime^ over d 1? (note: d 2 is only 
brimmed 1 and is reduced in n). 

8) Writing "...(< n) . . . property" we mean ". . . m . . . property" for every m < n. 

Our main aim is to show that if s is excellent and (2 A ^™ : n < u) increasing then 
every one of those properties is satisfied by s +m for m < uj large enough. 



16 in the csae central for this section the Mn m are brimmed so the only freedom left are about 
dimensions of types from J^ bs (M^u) 
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12.18 Claim. 1) For n = 0,1,2, the frame 5 has the brimmed 1 weak (A, n)- 
existence property for £ < 4. 

2) For n = 0, 1,2, the frame s has the brimmed 1 weak (A, n) -uniqueness property 
/or£ = l,2,3,4. 

3) For n = 0, 1 £/ie frame s has the brimmed strong (A, n)- existence property for 
£ = 1,2,3,4. 

4) For n = 0,1, the frame s has the brimmed 1 (X,n) -primeness property for 
£ = 1,2,3,4. 

5) For n = 0, 1 the frame s has the brimmed 1 (X,n) -primeness existence property 
/or* = 1,2, 3, 4. 

6) Ifs has the brimmed? strong (A, n)-existence property and the brimmed? weak/strong 
(A, n)-primeness property, then it has the brimmed 1 weak/strong (X, n) -primeness 
existence property 12.34- 



Proof. 1) If n = 0, this is clear, for n = 1 this is the existence theorem for iff ' bu , 
see ?. 

^> scite{705-xxX} undefined 

Lastly, if n = 2 by ?; "the existence of stable amalgamation" we can find a star 
^> scite{705-yyY} undefined 

ble (A, ^(n)-system s + such that s+ |~ & > ~{n) = s d and we can extend M* + and 
choose J HjU for u C n. 

2) For n = 2, by the uniqueness of NF s -amalgamation, see ?. 
^> scite{705-yyY} undefined 

3) , 4), 5) Easy, too. 

6) Let d be a brimmed (A, ^~(n))-system. By the strong (A, n) -existence prop- 
erty there is an expanded stable (A, <^(n))-system d*, reduced in n such that 
d* \ g ~(n) = d. By the (A, n)-primeness £ property d* is prime^ so we are done. 

Dl2.18 



Remark. Assume £ s is the class of (A,E), \A\ = X S ,E an equivalence relation. If 
(M, N, a) E K s 3 ' bu , a/E N disjoint to M, iia/E N is too large then (M, N, a) <£ K s 3 ' pr . 

12.19 Claim. The following properties of d are actually properties of s, that is, 
their satisfaction depends just on s d 

(A) "f being an embedding of d into M" 

(B) d is brimmed^ at u for £ = 1, 2, 3, 4 

(C) d has weak/strong uniqueness/existence property 

(D) d has the weak/strong primeness existence property 

(E) d has the weak/strong primeness property. 
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Proof. The least easy case is that replacing j£ by similar J' v does not make a 

difference which holds by ?. Di2.i9 
^> scite{705-xxX} undefined 

12.20 Discussion : Why do we define the "strong primeness" , "strong prime^" exis- 
tence? 

The problem arises in 12.34. Assume d is a brimmed 3 expanded stable (A, £P(n))- 
system, di is an expanded stable (A, ^(n))-system, di \ 2?~{n) = d \ &~(n), di 
is reduced in n, M^ 1 < B M$° and h£\, = h%° for u C n. Is M d ° (A, *) -brimmed 
over M re dl ? If s has the NDOP (and n > 2) yes, but in general for p G ^ bs (M dl ) 
which is _L /^^(M^ 1 ) for every u C n, we do not know that dim(p, M^°) = A s . 
This motivates the definition of strong primeness. 

12.21 Claim. 1) Assume I\ C 7 2 and s has the brimmed 1 weak (A, \u\) -existence 
property whenever u G I-2\I\. Then for any brimmed expanded stable (A, 
system di there is a brimmed expanded stable (A, Iz,s) -system d 2 satisfying d 2 [ 
h = d 1 . 

2) Let i G {3,4}. Assume that for any m < n,s has the brimmed 1 strong (A, m)- 
uniqueness property. Then for any two brimmed 1 expanded stable (A, &~{n))- 
systems di,d 2 , the systems s[di],s[d 2 ] are isomorphic. Similarly for (A,/) if 
u G I =>• \u\ < n. 

3) In (2) if dk is a brimmed^ expanded stable (h.s) -system, for k = 1,2 and 
h Q h and s has the brimmed 1 strong (A, \u\) -uniqueness whenever u G h\Ji and 
f = (fu '■ u & Ii) is an isomorphism from s[di \ Ii] onto s[d 2 \ then we can 
find f , an isomorphism from s[di] onto s[d 2 ] such that f \ I± = f. 

Proof. Natural. D12.21 

12.22 Conclusion. 1) Assume I G {3,4} and 

(a) 3 has the brimmed^ strong (A, < n)-uniqueness property 

(b) there is a brimmed stable (A, <^(n))-system. 

Then 5 has the brimmed^ weak (A, n)-existence property. 

Proof. 1) We prove this by induction on n, so we can assume that s has the 
brimmed^ weak (A, m)-existence property for m < n. The cases n = 0, 1 are trivial, 
see 12.18. Now by clause (b) there is a brimmed expanded stable (A, £P(n))- 
system d*. To prove the brimmed^ weak (A, n)-existence property, let d be a 
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brimmed^ expanded stable (A, ^~(n))-system. By assumption (a) and 12.21(2) and 
the induction hypothesis, d and d* \ (n) are isomorphic hence, by renaming, 
without loss of generality they equal, so d* prove the existence. Di2.22 

12.23 Claim. 1) Let £ = 1,2,3,4. The brimmed 6 weak (A, n) -existence property 
is equivalent to: for every brimmed expanded stable (n) -system d there are 
M e & s and f = (f u : u G 0?~{n)), such that 

© f is an embedding of d into M which means 

(a) f u is a < s -embedding of into M 

(b) ifucve @>-{n) then f u = f v o f* u 

(c) for any u G 3P~{n), the set U{f v (3^ u ) : v satisfies u C v G £P~(n)} 
is independent in (f u (M^) : M), as an indexed set 17 . 



2) 

(a) Ifs has the brimmed 1 strong (A, n) -existence property then s has the brimmed? 
weak (A, n)- existence property 

(b) if 5 has the brimmed 1 strong (A, n) -uniqueness property then s has the 
brimmed weak (A, n) -uniqueness property 

(c) ifs has the brimmed 1 strong (\,n)-primeness existence property then s has 
the brimmed 1 weak (\,n)-primeness existence property 

(d) similarly for primeness. 

3) If {(£(1),£(2))} G {(1,2), (2,3), (3,4)} and s has the brimmed^ weak/strong 
(A, n) -existence property then s has the brimmed 1 ^ weak/strong (A, n) -existence 
property. 

4) Similarly to part (3) for weak (A, n) -uniqueness. 

4 A) If {(£(1), £(2))} G {(1,2), (2,3), (3,4))} ands has the brimmed^ strong unique- 
ness, then s has the brimmed^ strong uniqueness. 

5) * 

(a) every expanded stable (A s , I) -system for s is brimmed? 

(b) for each of the properties defined in Definition 12.17, the weak brimmed? 
version and the brimmed 1 one are equivalent. 

17 this just means that ({fv(c) : c £ J^,u} '■ u C v G & > ~{n)) is a sequence of pairwise disjoint 
sets 
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Proof of 12.23. 1) First assume that s has the brimmed^ weak (A, n)-existence 
property and we shall prove the condition © in 12.23(1). By the present assumption, 
we can find d' as in the definition 12.17(1), and we let M = M*, f u = f*' u , clearly 
they are as required in ©. 

Second assume that s satisfies the condition © from 12.23(1). Let d = d , a 
brimmed^ expanded stable (A, ^~(n))-system be given, so by our assumption there 
are M, (f u :uE £P~(n)) as there. Now we define an expanded stable (A, ^(n))- 
system di as follows: d t \ @>-{n) = d ,M^ = M,h^ u = f u for u C n let J^ u 
be a maximal subset J of M\ U {f v (M v ) : v C n} such that = U{f v (Jy° u ) : 
v satisfies u C v C n} is independent. Clearly di is as required except that in the 
brimmed 2 case we are missing "M is brimmed" , and in the brimmed 3 case, we are 
missing the J njU and in the brimmed 4 case the relevant condition. Choose M* such 
that M < 5 M* and M* is (A s , *)-brimmed over M letting M^ 1 = M* and lastly, 
for each u G 2?~{n) let 3^ u be a maximal J such that: 

(a) J C M*\ U {f u (Jt,u) : v satisfies u C v G ^"(n)} 

(/?) c G J =>- tp s (c,f u (M*°),M*) G y bs (f u (M^) is orthogonal to f w (M*>) 
for every w C u 

(7) J U UifwMuu) ■■uCw 1 E &>-{n)} is independent in (f u (M*'),M*) 
(5) J is maximal under (a) + (/?). 

By 12.9(7) we are done. 

2), 3), 4), 5) Left to the reader. 012.23 
The following claim will give a crucial "saving" . 

12.24 Claim. Assume that (£ = 3 or just £ G {1, 2, 3, 4} and n > 2 and) 

(a) s has the brimmed 1 weak (A, n) -uniqueness 

(b) d is an expanded stable (A, (n)) -system 

(c) d \ [n] <n_1 is a brimmed 1 system (but d not necessarily) . 

Then d has weak uniqueness, i.e. 

© z/di,d2 are expanded stable (A, ^(n)) -system satisfying di \ £?~{n) = 
d,d 2 \ &~{n) then we can find (N,f) such that M^ 2 < s N,f is a < 5 - 
embedding of M^ 1 into N and u C n h^ 2 u = f o h^ u . 

Proof. We prove this by induction on k<i = where = {v G g?~{n) : d is 
not brimmed^ in u (so u G [^] n_1 )}- 
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Clearly k d < ( n "J = n(< \^~(n)\ < 2 n ). If k d = the conclusion follows from 
assumption (a). 

So assume that kd > and choose v* G S^d- We can find M which is (A, *)- 
brimmed over M*. Next we define an expanded (A, & (n))-system d + : 



i (a) 


d+ r 


(^-(n)\K» = d t(^-(n)\K}) 


(b) 


/i d+ 


= if « C 


(c) 


M d+ 

V* 


= M 


(d) 


J d+ 


= J d >u if u C v G ^-(n)\K} 


(e) 


J d+ 


for n C «*, is a maximal subset J of 



{cEM\U {M d >u : u C v.} : tp(c, M d >uJ M) G ^ bs (M„, u ) 
is orthogonal to M VtijW when to C u} such that J is 
independent in {M v ^ u ,M Vt ) and J D J d u . 

Now let di, d 2 be as in the assumption of ©. Next for k = 1, 2 by the existence of 
stable amalgamation there are (N k: f k ) such that M dfc < s iV^, / fc is a < s -embedding 
of M = M d+ into N k extending / d ^ and NF s (M d ^, M*\ f k (M), N k ) holds. 

By renaming without loss of generality fi = fi = idjvf- We now define an ex- 
panded stable (A, ^~(n))-system d^ 

®\ (a) d+ r^"(n)=d+ 

(b) Mn +k = N k . 

(c) hn% = h% for u G ^-(n)\K) 

(d) hC.=fk 

d+ 

(e) Jn/y for v C n are defined as in previous cases. 

Now we use the induction hypothesis (on kd) Di2.24 

12.25 Claim. 1) Assume that (a) + (b) and: (c)\ or (c)i where; 

(a) s h is a stable (A, I) -system for k = 1, 2 

(b) s 1 \ J = s 2 f J where J =: {u <E I : (3v G 7) (it C u)} 

(c)i if u E I\J then s £ \ £P~(u) has the weak uniqueness property 

(c) 2 ifv G I\J then u C v =>• = and Mf < s Mf~ e for some i G {1, 2}. 

TYien 

(a) s 1 /ias t/ie lyeafc existence property iff s 2 /ias t/ie toea/c existence property 
((3) s 1 /ias i/ie weak uniqueness property iff s 2 /ias £/ie iweaA; uniqueness property. 



CLASSIFICATION THEORY OF FRAMES AND CLASSES 135 
Proof. Similar to 12.24. 12 _ 25 

In 12.16 we have proved actually some things on s + concerning Definition 12.17. 
[Why do we ignore I = 1? As for s + , brimmed 1 =>- brimmed 2 .] 

12.26 Conclusion. Let £ € {0, 2, 3} and assume that s is successful hence s + satisfies 
the demands in 12.2. If for s + there is a brimmed^ stable ^(n)-system, then for s 
there is a brimmed^ stable £P{n + 1) -system. 



Remark. For i = 0, 2 we can find trivial examples. 



Proo/. By 12.16. 

12.27 Claim. Assume that is an expanded stable (A, I) -system for k = 1, 2 and 
/ is an embedding of di into d 2 , see Definition 12.7(1 A). 

1) If I = 2?~{n) and d 2 has the weak existence property then di has the weak 
existence property. 

2) If I = g?~{n) and f \ [n] <n_1 is an isomorphism from di \ [n] <n_1 onto 
d 2 \ [n] <n_1 and d 2 has the weak uniqueness property then di has weak uniqueness 
property. 



Proof. 1) Easy (and was used inside the proof of 12.24). 

2) Very similar to the proof of 12.24 (and we can use part (1)). Di2.27 

12.28 Lemma. 1) Let £ = 3,n > 2. Assume 2 A < 2 A+ and: 

(a) s is successful hence s + has the properties required in 12.2 

(b) s has the brimmed 1 weak (A, < n + 1) -existence property 

(c) s has the brimmed 1 strong (A, < n) -uniqueness property 

(d) s does not have the brimmed 1 weak (A, n + l)-uniqueness property. 

Then s + does not have the brimmed 1 strong (X + ,n) -uniqueness property. 



Remark. Of course, it would be better to have "strong" in clause (d) of the as- 
sumption and it would be better to have weak in the conclusion. Still we can prove 
a slightly stronger claim. 



A variant of ? is 
-> scite{705-12.bll} undefined 
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12.29 Claim. 1) In 12.28 we can replace clause (c) by (c) 1 +(c) 2 (which obviously 
follows from it) where 

(c)i s has the brimmed strong (A, < n)-uniqueness property 
(6)2 s has the brimmed weak (A, n) -uniqueness property. 

2) We can strengthen the conclusion to: s + fail the brimmed 3 weak (A + , n)-uniqueness 
property. 

Proof of 12.28. 1) We choose by induction on a < A + ,s, for every n G 01 2 such 
that: 

© (a) s,, is a normal brimmed^ stable (A, ^(n))-system 

((3) the universe of is an ordinal 7^ 3 (^) < A + 

(7) the sequence (M^ 7 : 7 < a) is < s -increasing continuous 

(5) if a = (3 + 1 then s* =: *^>( n +i) is a brimmed^ stable 
(A, 3P(n + l))-system 

(s) if a = /? + !, v G H, then: 

<-<o> \&-(n + l) = s^ <ly \&-(n+ 1) 
(() if a = (3 + 1 and z/ G ^2 then for no /, N do we have: 

/ is an < s -embedding of M^l^ 0> 

into N, M^ + < x> < s N 

and / is the identity on M"5" <0> = -<1> for «er(ti + l) 

(7/) if i/i,i/ 2 e a 2 then \ @>-(n) = s U2 \ &>-(n) 
(this strengthens clause (e)). 

Now 

(*)i we can carry the induction 

[Why? For a = trivial. For a = (3 + 1 and 77 G ^2 by clause (d) of the 
assumption there are brimmed ^(n+l)-system s', s" with s' \ £P~(n+l) = 
s" \ £P~(n + l) as in clause (£), i.e., for no (N, f) do we have < s N and 
/ is a < s -embedding of M s ™ into N which is the identity on for every 
u C n + 1. Now for proving 12.28, by assumption (c) and claim 12.21(2) 
renaming we have s v ~ < o>, s T? -<i > as required in clause (e) and (£) of © and 
by renaming we have (/?); by the proof we can get clause (77), too. (For 
proving 12.29 this is done in its proof). For a limit =: is a 

/3<a 

stable (A, ^(n))-system by Claim 12.15(2); moreover is brimmed .] 
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For ?} G A 2 we define a normal (A + , ^(n))-system for s + called by Mu v = 
U{Mu v,a : a < A+}, clearly 

(*) 2 is really a (A + , ^(n))-system for the frame s + (noting that MZ V G ^Cs(+) 
as it belongs to K s and is saturated over \ s because by clause (5), Mu vt(a+1) 
is (A, *)-brimmed over Mu vla for every a < A+) 

(*) 3 is a brimmed stable (A + , <^(n))-system for s(+) 
[why? by 12.15(3).] 

(*) 4 \ 0?~{n) is the same for all rj G A+ 2 call it t*. 
[Why? By Clause (rj) of ©.] 

Let p G A+ 2. To finish the proof it is enough to find rj G A+ 2 such that h* = 
U{idM* : u C n} cannot be extended to an isomorphism from Mn p onto Mn v ; 
toward contradiction assume that f v is such an isomorphism for every r\ G A+ 2. By 
the weak diamond, (see I§0) for some 770, ?7i G A 2 and 5 < A + we have v = rj£ \ 
5, v"(£) <\ ■)]£ and [ M^ v = f m \ . Clearly we get contradiction to clause (£) 
in the construction. Di2.28 



Proof of 12.29. In the proof of 12.28 there one point in which the proofs differ. We 
are given s,, for 77 e ^2 and we know that there are normal brimmed^ ^(n + 1)- 
system s',s" such that s' [ &>~{n + 1) = s" [ ^"(n + 1) but there is no < B - 
embedding of M^' +2 into any N, M^' +1 < s N over M* . By the amount of 

uniqueness we have, i.e. by assumption (c)j~ without loss of generality s' [ ^~(n) = 
[ g?~{n) (for every 77 G ^2, hence also s" [ £?~{n) = s v ). Without loss of gen- 
erality the universe of M* +1 and of M* +1 is 7/3 + A (recall 12.9(8)) and, of course, 
the universe of = M^' is 7^. 

Now we define s*, a (A, &>-{n + l))-system by s* [ (&'(n + l)\{n,n+ 1}) = s' [ 

(^*(n + l)\{n,n+ 1}) = s" [ (^"(n + l)\{n, n + 1}) and M? = M*». Clearly 
s* is stable and brimmed^. 

Now by 12.25, the version with (c)i as s' f ^"(n + 1) fails the brimmed 3 weak 
uniqueness, also s* fails it. Hence we can find a stable (A, ^*(n + l))-systems s' , s'' 
witnessing it, to \ £P~(n + 1) = s* = s" \ £P~(n + 1). By renaming we take 
care of clause ((3) of © (we use freely 12.9). 
2) We choose in addition to also N v such that 

© (a), (7) — (77) as in the proof 

(/3) N n is brimmed over M^ n the universe of N n is an ordinal 
7 £s(r; ) (instead of (/?)) 
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(0) if vor] then NF S (M* v , N v , , N v ) and N v is brimmed over M*" UN V . 

In the end for ?j G A+ 2 we define also N v = U{A / ?? f Q : a < A + } hence M Sr i < s (+) N v 
and is (A + , *)-brimmed over M^- 

So if p, 77 G A 2, A 7 "^ < s(+) N and / is a < s (+) -embedding of M n p into A" over 

U{Mu p : u C n}, then A" can be < s ( + )-embedded into N v over Mn v so without loss of generality A" < s (+) 

Mn v , N v is (A+,*) -brimmed over M n n . The rest should be clear. EI12.29 

12.30 Claim. 1 ) Assume i = 2, 3, n > 1 and 

(a) s /ias £/ie brimmed? strong (A, < n)-existence property 

(b) s has the brimmed 1 weak (A, < n)-primeness property 

Then there is an expanded stable £?{n + 1) -system d reduced at n + 1 such that 
d I* £?~{n) is brimmed 3 . 

2) If in addition clause (c) below holds then s has the brimmed? strong (A, n + 1)- 
existence property where 

(c) s has the brimmed 1 strong (A, < n) -uniqueness property. 

Proof. 1) Let M$ G be brimmed . Let M 6 if s be (A s , *) -brimmed over Mq. 
Let ^0 C{p£ t 5^ bs (M0) : p regular} be a maximal family of pairwise orthogonal 
types. Let Jjj be a maximal subset of {c G M : c realizes some p G ^0 in M over 
M0} which is independent in (M0, M) so | J0 j = A s and let {J^ :0CwCn + l} 
be a partition of Jg to sets each of cardinality A s such that for every p G and 
u C n + 1 the set {c G J u : tp s (c, Mq, M) = p} has cardinality A s . For u G i"i\io let 
M u < 5 M be such that (M , M u , j U]0 ) G K s 3,bu . 

Let 7/s = {n C n + 1 : |u| < k} for < n + 1. We now choose by induction on 
G {1,2,..., n}, the objects d k and J„ jU : it G Ik, u C i> C n + 1), (AT U , : 
it G Ifc, \u\ > 1), (JJj „ :?jCiiCn + l and (it, u) 7^ (0, 0) and i = 1, 2) such that 

©(a) d fc is a normal brimmed^ expanded stable (A, //^-system embedded in M 
and M dfe = M , = M u for u G 7i\/ , ^" = Ju,<t> 

(b) m < k =>• d m = d fc f 7 m 

(c) for u G Ik\h,N u is such that U{M^ fc : iu C w} C N u < s M and d* is 
reduced in u where d* is the normal brimmed 1 ^('u)-system d* \ 2?~{u) = 

d k \ &-(u),Mu l = N u ,3* UjW = for w C u 

(d) for u G Ik\Iii &u ls a niaximal set of pairwise orthogonal types from C 
{p G y hs (N u ) : p regular orthogonal to M^ k for w C u (hence to M^ k for 
w G Ik such that u w by 10.18) 
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(e) for u G the set J 1 is a maximal subset of {c G M : tp s (c, N u , M) G 
^} independent in (N U ,M) 

(f) if u G Ik\h, then (Jj u : w C i> C n + 1 but (v, it) 7^ (0, 0)) is a partition of 
J 1 to sets each of cardinality A s such that moreover, for every p G @>l the 
set 3\ u p =: {c G J* : tp s (c, iV u , M) = p} has cardinality X s 

(g) (N U1 M*\ |J U |J J^J g K s 3 ' bu for u G 7 fe \{0} where we stipulate 

w<Zu w<Zu 

J 1 w = when k; C it, |iu| < 1 

(h) is a maximal set of pairwise orthogonal types from {p G ,y hs (M^ k ) : p 
orthogonal to N u when u ^ I\ and to M$ if it G I\\Iq\ when u E Ik (if 
it = then <^ has already been chosen) 

(i) Jl is a maximal set of {c G M : tp s (c, M^ fc , M) G ^} independent in 
(M^ fc ,M) when u E Ik, (if it = 0, has already been chosen), note that 
the used is clause (g) has already been chosen) 

(j) (Ju,u : w C f G £P~(n + 1)) is a partition of such that for every p G <^ 
and v such that it C v G ^~(n + 1) the set {c G 3\ u : tp s (c, M^ fc , M) = p} 
has cardinality A when u E Ik 

(k) Jy% = Jj )t4 U where u C u G 7 fc 

For fe = 1, dfc is defined by clause (a) and choose =0^, J^, (J^ u : v satisfies u C v C 
n + 1) as above for it G /fc\io (i- e -? w = { m }, m < n + 1). 

For = m + 1 > 1 for each it G Ik\Im clearly d m f &~(u) is a normal brimmed 
expanded stable ^ _ (it)-system hence by assumption (a) we can find a normal 
brimmed 1 ^(-u)-system d* such that d* \ @>-{u) = d u \ M d « = N u which 

is reduced in u hence d* is prime over d m \ g ~(u), use (b). 

Now d* \ £P~(u) is embedded in M (by clause (a) of ©) so by the definition of 

the primeness without loss of generality iV u =: M u u < s M. Now as \u\ > 1 choose 
<^*, J 1 and {3\ u : v satisfies it C i> c n + 1) as required. Now let M dfc < s M 

be 18 such that (N u , M dfe , U{J|, itI) U : to C it}) G J\"f' bu . We then choose 

=0^, Jy, (it C v C n + 1) as required. 

Having carried the induction we define a normal 2?{n + l)-system d n+ i by 

d n+1 r^"(n + l)=d n 
MtTi = M 



18 exists as for every w C u, the set J u ,w is independent in (N u , M) because (M w , N u , U{J Vl <Ul : 
vi C«,«i C w,ui C vi}) G Ks' hu 
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jX = 0for«Cn + l. 
It is easy to check that d n+ i is as required. 

2) Easy, by 12.21(2). D 12 . 30 

12.31 Claim. Assume 

(a) d is an expanded stable (A, £P(n))- system 

(b) d is reduced at n. 

Then we can find &' such that 

(a) d' is an expanded stable (A, £P(n))-system reduced at n 
(J3) d' \&-(n) = d\ @>-{n) 
(7) h* u = h* u for u an 

(d) M n d < s M n d ' 

(e) if p G ,y hs (M^) is regular orthogonal to M% for every u C n then 
dim(p,M d ') = A. 

Proof. Let M+ G K s be (A, *)-brimmed over M d , let P = {p G J^ bs (M d ) : p 
regular _L M^ u for every u C n}. Let J = {c Pja : p G P, a < A} be such that 

(i) c P;Q , G M + realizes p 

(m) J is independent in (M d ,M+). 

Now let M < 5 M+ be such that (M d ,M,J) G iff' bu and define d' such that 
((a), (/?), (7) above holds and) M d = M. It is easy to check that d' is as required. 

Dl2.31 

12.32 Claim. 1) Assume i = 3 and 

(a) s is successful hence s + satisfies the hypothesis 12.2 

(b) s has the brimmed weak (A, < n + l)-uniqueness property [actually only 
n + 1 and n are used] 

(c) s is a brimmed stable (n),s + )- system 

(d) s* is a stable (£P(n),s + )- system reduced at n such that s* \ @ > ~{n) = s. 
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Then s* is prime over s for s + . 

2) Moreover, s* is strongly prime 1 over s for s + . 

Remark. This is similar to the proof of the existence of primes in s + . 

Proof. 1) Without loss of generality s is normal. Let (M" : a < A+) be < s - 
increasing continuous with union and let E be a thin enough club of A+. 

By 12.16 for each a E E, s* = (M£ : u £ @>{n)) is a normal stable &>{n)- 
system reduced at n and letting = {u C n + 1 : n u} for a < f3 from 
E, s* p =: s a *&>( n +i) S/3 is a stable (^(n + l),s)-system and s ajj g f is a normal 
brimmed 3 (^, s)-system, see 12.16. Suppose that M e -^ s (+) an d (/u : w £ <^ _ (n)) 
an embedding of s \ 0P~{n) into M (see Definition 12.5(3)). 

As s is normal, we have u C d e 2?~{n) =>- / u C /„. Let (M Q : a < A+) 
be < s -increasing continuous with union M and without loss of generality E is a 
thin enough club for this too; by renaming E = A+. Let = / w f M", so 
/° = (/u : w e ^ _ (^)) is an embedding of s Q into M a <^[ a ] M. Now we choose 
by induction on a such that 

is a <£[ s ]-embedding of into M (hence into for some (3{a) < 

K) 

(ii) f% extend f£ for (3 < a and /£ for ue &-{n). 

For a = 0, /° exists as 5 has the brimmed 3 weak (A, n)-uniqueness property and M 

is A + -saturated. 

For a limit let /« = (J /£. 

/3<a 

For a = /5 + 1 let 7 < A+ be such that M 7 is (A, *)-brimmed over Rang(/£) U 
|J{Rang(/" : u G g ~(n)}. We shall show that there is a < s -embedding of M™ 
into M and even into M 7 extending //3 U|J{/" : u E g ~(n)}. For this we shall use 
"5 has the brimmed 3 weak (A, n+1) -uniqueness property" defined in 12.17(2) for the 
(A s , £?~{n + l))-system s* a. The embedding are O.K. as does not contribute 
(as s is reduced in n). But the assumption is not fully satisfied because s* a the 
brimmed^ demand does not (necessarily) holds for u = n, i.e., for /"(M"); however, 
by Claim 12.24 this is overcomed. We get that there is a pair (/, A) such that 
Mp( a ) < s A and / a < s -embedding M£ into A, but without loss of generality A < 
M 7 so we are done. 

Now f n = [J f" is the required embedding. 

a<A+ 

2) By part (1) and 12.31. ^12.32 
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12.33 Conclusion. Assume I = 3 and 

(a) s is successful hence s + satisfies 12.2 

(b) s has the brimmed^ weak (A, < n + l)-uniqueness property. 
Then s + has the brimmed^ strong (A + , n)-primeness £ property. 

Proof. By 12.32. 

12.34 Claim. 1) Let £ = 3 and 

(a) s has the brimmed 1 strong (A, n) -existence property 

(b) s has the brimmed 1 strong (X,n)-primeness property. 

Then s has the brimmed 1 strong (A, n) -uniqueness property. 

2) Let i = 4 and s has the brimmed 1 weak (A, n)-uniqueness property then s has the 
brimmed? strong (A, n) -uniqueness property. 

Proof. 1) Assume di,d2 are brimmed^ stable (A, <^(n))-system and / = (f u : 
u G &~{n)) be an isomorphism from di \ 0P~{n) onto d2 \ 0P~{n). As s has the 
brimmed^ strong (A, n)-existence property, (i.e., assumption (a)), clearly for k = 1, 2 
there is an expanded stable (A, ^(n))-system d^d^ \ 2?~{n) = d^ \ &~(n),d k 

reduced in n, i.e., such that u C n =>- = 0). 

Let f' u = f u for u C n. Without loss of generality there is an isomorphism f' n such 
that (f' u :uE £P(n)) is an isomorphism from d 1 onto d 2 . 

By clause (b) of the assumption + (*) of Definition 12.17 without loss of generality M, 

M^; recall u C n => h£ u = h% u . 
Now 

(*) Mf < 5 M* k and p G y hs (Mf) dim(p, M* fc ) = A (or just for a dense 
set of regular p G y hs (Mf). 

[Why? Let p G y ha (M% ) be regular; without loss of generality such that for some 
u(p) ^ n,p does not fork over M n k u ^ and u C u(p) =>• p orthogonal to M%* u . Now 

dim(p,M£ fc ) = A. Why? If u(p) = nby (**) from Definition 12. 17(5), (5A), (6) and 
if u(p) C n as d^ is brimmed^ (i.e., the definition and basic properties of dimension 
and regular types).] 

We know that if M is (A s , *)-brimmed^, N < s M and p G y hs (N) =>- dim(p, N) = 
X s then M is (A, *)-brimmed over N (see 10.17). But this demand by (*) holds with 
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(M dfe , M% ) here standing for (M, N), hence M^ k is (A, *)-brimmed over . As 
f' n is an isomorphism from onto there is an isomorphism f u from M^ 1 

onto M d2 which extends f' n . So clearly (f u :uC n) is an isomorphism from dx 
onto d 2 . Di2.34 

12.35 Theorem. [2 A+ ™ < 2 A+ ™ +1 /or n < a;]. Let I = 3. ^ssnme 5 is u- successful. 
Then for every n > 2 and m > n — 2,s +7n is n - excellent ; (see definition below). 

12.36 Definition. 1) We say that s is n-beautiful^ if: 

(a) s has the brimmed^ strong (A, < n)-existence property 

(b) s has the brimmed^ weak (A, < n)-uniqueness property 

(c) s has the brimmed^ strong (A, < n)-uniqueness property 

(d) s has the brimmed^ strong (A, < n)-primeness property. 

2) We say that s is cu-beautiful if s is n-beautiful for every n. 

Remark. In the Theorem we could restrict our demand to n < n*(< u) and get 
the appropriate conclusion, essentially s +m is n-excellent 3 if 5 is 2n-successful (and 
(2 x+t : i < 2n) is increasing). 

Proof of 12.35. We know that 

s +m satisfies the demand in 12.2 and is successful. 
We now prove by induction on n > 2 that 

M n 8 +m is n-beautiful^ if m > n — 2. 
First we prove KI2. 

By 12.18 for n = 0, 1 the demands in 12.36 holds. Now s +m has the brimmed^ 
weak (A, 2) -uniqueness as s is a good frame (i.e., the uniqueness of NF s ( +m )- 
amalgamation. Lastly, the brimmed^ strong (A, 2)-existence holds by 12.30. 

So let n > 2 and we assume M n and we shall prove M n+1 , this suffices 

(*)2 there is a brimmed (£P(n + 1), s +m ) -system for m > n — 2 
[Why? By 12.26.] 

(*) 3 s +m has the brimmed^ weak (A, n + l)-existence property if m > n — 2. 
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[Why? By (*) 2 there is brimmed^(^(n + l),s +m )-system call it d*. Let a (&>-(n + 
l),5 +m )-system d be given. By M n we know that 5 has the strong (A, < n)- 
uniqueness property hence by 12.21(2) without loss of generality d* \ [n+ l] <n , d \ 
[n + l] <n are isomorphic so without loss of generality they are equal. Now we shall 
apply clause (a) of the conclusion of 12.25 to d and d* \ £P~(n + 1), as the latter 
has the weak existence property (as d* exemplify) it suffices to check the assump- 
tions of 12.25. So here I = &~{n + 1) and J = [n + l] <n , clause (a) of 12.25 is 
obvious, clause (b) was assumed above and clause (c)i follows from "s+ m has the 
weak n-uniqueness property, which holds as we assume M n .] 

(*) 4 s +m has the brimmed^ weak (A, n + 1) -uniqueness property if m > n — 1. 
[Why? We try to apply 12.29(2) hence implicitly 12.28 + 12.29(1) to s +m 
and n. Its conclusion fails by clause (b) of Definition 12.36, aplied to 
(s +m ) + = s +m+1 for n which holds as we are assuming Kl n . Clause (a) 
from its assumptions holds by (*)i, clause (b) holds by (*) 3 for n + 1 and 
by clause (a) of Definition 12.36 and for m < n. 

Now clause (c)^~ holds by clause (c) of 12.36 by M n applied to s +m and 
clause (c)i holds by clause (b) of Definition 12.36 by Kl n applied to s +m . 
So in 12.29 only the fourth assumption (d), may fail, so as the conclusion 
fails, (d) there fails. 

Hence clause (d) from 12.28 has to fails which is the desired conclusion.] 

(*) 5 s +m has the brimmed^ strong (A, n)-primeness property if m > n — 1. 

[By 12.33 applied to n' = n and s' = s + ^ m ~ 1 \ It gives the desired conclu- 
sion. As for its assumption clause (a) there holds by (*)i and clause (b) 
there for n + 1 by (*) 4 above and for 0, . . . , n by Kl n .] 

(*) 6 s +m has the brimmed^ strong (A, n)-uniqueness property if m > n — 1. 

[Why? By 12.34, assumption (a) there holds by clause (a) of the definition 
12.36 of excellent and clause (b) there holds by (*)s above.] 

(*)7 s +m has the brimmed^ strong (A +m , n + 1) -existence property for m > n — 1. 
[Why? By 12.30, its conclusion is what we need, assumption (a) there holds 
by M n . Assumption (b) there holds by (*) 5 and 12.23(2d) (which says that 
strong prime =3- weakly prime. Lastly, assumption (c) there holds by (*) 6 
above so we are done.] 

So M n+1 holds. D12.35 

Recall that Chapter II has tried generalizing [Sh 87a] , [Sh 87b] but through it give 
the parallel conclusions about each A +n , it does not say anything on \x > X +UJ . In 
the claims (12.37), 12.38, 12.39, 12.40 below we derived the parallel of several of 
the further conclusions of [Sh 87a], [Sh 87b]. 
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The aim of the following claim is to help proving for the case £ = 3 that for non- 
unidimensional s, we can prove non-categoricity in higher cardinals (of course, we 
shall get better results when we prove excellency for £ = 1). 

12.37 Claim. Assume that 

(a) s is a good X-frame 

(b) M* G K s , (a : i < X s ) list the elements of M* , 

P C J? ?bs (M*) is a non-empty set of regular types such that there is q G 
y hs (M*) orthogonal to P (so s is not weakly unidimensional) 

(c) r* = t U {a : c G M*} 

(d) K* = {M : M is a r* -model and M \ r G K s , q h- > is a <^[ s ]- embedding 
of M* into M \ t} and if q G =5^ (M*) is regular realized in M \ r then it 
is orthogonal to P 

(e) Mi <z* M 2 iff (M U M 2 G K* and) M 1 \ r < m M 2 \ r 

(/) s* = \\)) where 

* 

(i) y^ >s (M 1 ) is essentially {tp(a, M 1? M 2 ) : Mi M 2 is of cardinality 
X s , tp(a, Mi r r, M 2 f r G ^ s bs (Mi f r)} 

(ii) yj similarly, i.e., \\j(M , M u a, M 3 ) zff M Mi M 3 ,a G M 3 
and UJ(M ,Mi,a,M 3 ). 

Then 

(a) s* is a good X-frame 

(P) K** C^,Kf^0,Kf + ^0 

(7) if l(X +n+1 , K s * ) < fi wd (X +n+1 ,2 x+n ) forn < u, then s* is u>- successful and 
is well defined for every fx > X. 

Proof. Clause (a) . 
Check 

Clause (13) . 
Trivial. 



Clause (7) . 

By 12.35 applied to s*. 
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12.38 Major Conclusion. Assume that s satisfies the conclusion of 12.35 and let 
t = s +UJ (see Definition 0.4(4)) then 

(a) s +UJ = s(+u) is a good A+^-frame (recall that & s (+uj) is n{^_|t, : n < uj}) 

(b) t = s +UJ is cu-beautiful 3 

(c) for /j > \ +UJ ,t[/j] = s[/j], see Definition ? is a good jU-frame, which is uj- 
^> scite{705-xxX} undefined 

beautiful 3 , categorical in \i for every /j > \ +UJ , so in particular ji > A =>- 

^ (on t[/x] see Definition 0.4 

(<i) if s is weakly unidimensional and // > A then 5 [^j = = s[//]; hence K s ( + ) 
is categorical in \i for every \x > A+ (if lf a is categorical in A s then K s is 
categorical in // for every /i > X s 

(e) if s is not weakly unidimensional then s(//) is not weakly unidimensional 

(/) s has NDOP iff t = s +UJ has NDOP iff s(/x) has NDOP (for any ^ > A s ) 

((7) if* 7^ for /i > A, s[fi] well defined for \i > A (on s[/z] see Definition 0.4(4)). 

12.39 Conclusion. Assume 2 A+ " < 2 A ™ +1 for n < u> and 

(a) s is a good A-frame not weakly unidimensional 

(b) I(X +n +\K s ) < ^ wd (A+ n ,2 A+ ") for n < u. 

Then K s is not categorical in /j,, for every \x > A. 

Proof. For each > A, there is e see 12.38. But we can define t as 

s*[+w], where s* is as in 12.37 and apply it to 12.35, 12.38, and get M 2 e K t ^y 
Looking at <^ [^-submodels of M*, M 2 it is clear that ps M 2 so we are done. 

We can sum up 

12.40 Conclusion. Assume 2 A+ ™ < 2 A+ ™ +1 for n < u>. If an a.e.c. & with LS(£) < A, 
is categorical in A,A+,1 < 7(A ++ , K) and I(X +n+2 ,K) < ^ wd (A n+2 , 2 A+ ™ +1 ) for 
n < u) then A is categorical in every fj, > A. 

Remark. 1) This through light on [MaSh 285], [KISh 362], [Sh 472], [Sh 394]. 
In those works we start with an appropriate a.e.c. .ft and assume that it is categorical 
in A large enough then LS($) and prove that for some a*(2 LS (-^) + that the class 
is categorical in every A' G pa,, A), but nothing is said about A' > A. However, 
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if for some n, (i +UJ £ (3 a< ,, A] then by 12.40 we are done. This weak set theoretic 
assumption will be eliminated in a sequel. 

2) Moreover, we can eliminate the "A successor" assumption. 

3) We can say much more: w-successful frames are very much like superstable first 
order classes and more. We delay this. 
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